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Abstract 

We discuss holography for Schrodinger solutions of both topologically massive grav- 
ity in three dimensions and massive vector theories in (d+1) dimensions. In both cases 
the dual field theory can be viewed as a d-dimensional conformal field theory (two dimen- 
sional in the case of TMG) deformed by certain operators that respect the Schrodinger 
symmetry. These operators are irrelevant from the viewpoint of the relativistic confor- 
mal group but they are exactly marginal with respect to the non-relativistic conformal 
group. The spectrum of linear fluctuations around the background solutions corresponds 
to operators that are labeled by their scaling dimension and the lightcone momentum 
k v . We set up the holographic dictionary and compute 2-point functions of these oper- 
ators both holographically and in field theory using conformal perturbation theory and 
find agreement. The counterterms needed for holographic renormalization are non-local 
in the v lightcone direction. 
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1 Introduction and summary 

Gauge/gravity dualities have become an important new tool in extracting strong coupling 
physics. The best understood examples of such dualities involve relativistic quantum field 
theories. Strongly coupled non-relativistic QFTs are common place in condensed matter 
physics and as such there would be many interesting applications had one had under control 
holographic dualities involving non-relativistic QFTs. Motivated by such applications [H[2] 
initiated a discussion of holograph^] for (d + 1) dimensional spacetimes with metric, 



, 9 b 2 du 2 2dudv + dx t dx % + dr 2 

ds=~—^ + ~2 > (1-1) 



with i E {1, . . . , d— 2}. The isometries of this metric form the so-called Schrddinger group, 
whose generators are given by: 

H : u — )• u + a, 
M. : v — > v + a, 

V : r ->■ (1 — a)r, u ->■ (1 — a) 2 u, v — > v, x l ->■ (1 — a)x l (1.2) 

C : r — > (1 — au)r, u — > (1 — au)u, v — >■ v + ^(x t x l + r 2 ), x l — )• (1 — ou)i ! 

plus rotations, translations and Galilean boosts in the x l directions. Here (T>,C) are the 
generators of non-relativistic scale transformations with dynamical exponent z = 2 and 
special conformal symmetries, respectively. 

It was initially suggested that the metric (jl.ip could play the role of a background for 
the holographic study of critical non-relativistic systems in (d— 1) spacetime dimensions, for 
example fermions at unitarity, which have the same symmetry group. For such theories the 
specific realization of the Schrodinger group on (jl.lj) dictates that the (d — 1) dimensional 
theory should live on the spacetime spanned by the coordinates (u, x l ) with u playing the role 
of time. In this setup one considers operators 0& 3 ^ m (u,x l ) of definite scaling dimension A s 
and of charge m under the symmetry M. This charge m, which corresponds to momentum 
in the v direction, would then have to be identified with a discrete quantum number like 
particle number. In order to discretize the possible values of m one therefore needs to 
compactify the v direction. This procedure is however very nontrivial as in general quantum 
corrections become important and one cannot trust the metric (II. ip with a compact null 
direction [5]. Recent work aiming at obtaining solutions without such a compact direction 
can be found in [6]. 



x Note that a Kaluza-Klein framework for the geometric realization of Schrodinger symmetries was intro- 
duced much earlier, in [3]; the relation of this work to the holographic framework is discussed in [4]. 
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The metric (jl.ip has constant negative scalar curvature but it is not an asymptotically 
locally AdS (or AlAdS) spacetime. (We review this further below.) This property sets 
it apart from other gauge/gravity dualities, which are based upon the notion of AlAdS 
spacetimes. It should be stressed that this implies that a priori one cannot extend any of 
the standard holographic results to such spacetimes. For example, there are no guarantees 
that the dual description has the form of an ordinary local, renormalizable quantum field 
theory. 

The principal aim of this paper is to understand how holography works for these space- 
times. To avoid the complications of a compact null direction, we consider (jl.ip with v 
non-compact. The effects of such a compactification may be considered afterwards but this 
issue will be for the most part suppressed in this paper. We will present evidence that 
the spacetime (11. ip is dual to a (f-dimensional quantum field theory that is non-local in 
the v direction. More precisely, our viewpoint is that the dual quantum field theory can 
be obtained from a (i-dimensional conformal field theory by deforming with operators that 
respect the Schrodinger symmetry. These operators are irrelevant from the perspective of 
the relativistic conformal group but they are exactly marginal from the perspective of the 
non-relativistic conformal group. As a first consistency check, notice that an irrelevant de- 
formation generally changes the UV properties of the theory and this explains why the dual 
gravity solution is no longer asymptotically anti-de Sitter. In our context the UV properties 
are now governed by the Schrodinger group and indeed the solution realizes this symmetry 
geometrically. 

Since the deformed QFT is Schrodinger symmetric, we should organize it in a way that 
makes this symmetry manifest. To discuss this let us first recall that any relativistic d- 
dimensional CFT is also invariant under the (d — 2) dimensional Schrodinger group. This 
follows from the fact the conformal group in d dimensions has as a subgroup the (d — 2)- 
dimensional Schrodinger group (as first discussed in [7] for d = 4^. It follows that it should 
be possible to rewrite the correlation function in a form that manifests the Schrodinger 
symmetry. Indeed, as discussed recently in [8], the mixed representation of the 2-point 
function where one Fourier transforms over the lightcone coordinate v brings the relativistic 
2-point function into the form dictated by the Schrodinger symmetry [9]. 



2 The embedding is the following. Choosing lightcone coordinates u, v, the relativistic momentum genera- 
tors P u and P v are identified with H and M, respectively, the non-relativistic scaling generator T> is a linear 
combination of the relativistic scaling generator and a boost in the uv direction and C is related to a rela- 
tivistic special conformal generator. Translations, rotations and Galilean boosts and related to translations 
and rotations in the relativistic theory. More details can be found, for example, in pP or [5]. 
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Schrodinger solutions have arisen as solutions of various gravitational theories; in this 
paper we will focus on topologically massive gravity (TMG) in three dimensions and the 
massive vector model used by Son pQ. Schrodinger solutions of TMG arise for a specific 
value of the coupling, namely \x = 3, and in earlier literature have been referred to as 
null warped AdS^ backgrounds. The operator X vv which deforms the dual theory has 
relativistic scaling dimensions (h, h) = (3, 1), breaks the Lorentz invariance and is dual to 
a null component of the extrinsic curvature, as discussed in |10| 111]. Gravity coupled to a 
cosmological constant and a massive vector with m? = 2d also admits Schrodinger solutions 
in general dimension d; moreover the solution for d = 4 can be understood as a consistent 
truncation of a decoupling limit of TsT transformed branes [5] . In this case the deforming 
operator X v has relativistic scaling dimension d + 1 and is dual to a null component of the 
massive vector. 

As mentioned above, in theories with Schrodinger invariance operators are labeled by 
the non-relativistic scaling dimension A s and the eigenvalue of M , which in our case is the 
right-moving momentum k v . We will therefore Fourier transform in the right moving sector 
and consider the operators with different k v as independent operators. If v is compact then 
k v would be a discrete label, but as mentioned above we do not compactify v and therefore 
k v is a continuous variable. The deformation of the original CFT for the case of the massive 
vector is of the form, 

Soft -»• S C ft + J d d ~ 2 xdudv b^X^iv.u^) = S C ft + J d d ~ 2 xdu W X^k^O, u, x% (1.3) 

where S'cft is the original CFT action, b^ is a constant null vector whose only non- vanishing 
component is b v = b and Xu is the Fourier transform of X^ in the v direction. In the rest 
of this paper we will often drop the tilde and (with abuse of notation) denote an operator 
and its Fourier transform with respect to v by the same name. We see from (|1.3p that 
the theory is deformed by an operator of zero lightcone momentum. The operator X„ 
has dimension d + 1 from the perspective of the relativistic CFT and breaks the Lorentz 
symmetry. Since its (relativistic) dimension is different from d, one can use relativistic 
scaling^ to set 6 = 1. This operator however is exactly marginal from the perspective of the 
Schrodinger symmetry, i.e. its non-relativistic scaling dimension is A s = d and this implies 
that the action (I1.3P has Schrodinger invariance. These facts have an exact counterpart 
in the bulk: one can set b = 1 in (jl.ip by either by a bulk diffeomorphism that scales all 



3 Alternatively, one can set b = 1 by rescaling of the lightcone coordinates, u — ¥ u/b, v —} vb. This 
transformation is a composition of a relativistic scaling with parameter b and a Schrodinger scaling with 
parameter 1/6. 
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coordinates by b (corresponding to the relativistic rescaling) or by rescaling the lightcone 
coordinates as in footnote [3] and the metric has Schrodinger isometries. The discussion for 
the case of TMG is similar: one replaces W by the symmetric null tensor b^ v with the only 
non-zero component being b vv = —b 2 and by X^, where X^ has relativistic scaling 
(3, 1) and non-relativistic scaling A s = 2. 

To show that the deformation is exactly marginal we have to show the non-relativistic 
scaling dimension of deforming operator, which was equal to A s = d in the original CFT, 
remains equal to A s = d in the deformed theory. This amounts to showing that the 2-point 
function of this operator in the deformed theory is the same as the 2-point function in the 
original CFT and this can be proven using conformal perturbation theory. In more detail, 
consider for concreteness the case of the massive vectors, then one needs to establish that 
for any n 



Km/x v (k v ) (f[ J d d - 2 Xi dui 6^(^=0) j X v (-k v ) 



= (1.4) 

CFT 



where the expectation value is taken in the original CFT and to avoid clutter we only display 
the k v dependence. One can show that 

(x v (k v ) ( 11^X^=0)) X v (-k v )\ = (X v (k v )X v (-k v )) CFT (b v k v ) n f(logk v ,...) 

\ \i=l / I CFT 

(1.5) 

where /(log k v , ...) is a dimensionless function that carries the dependence on the positions 
of the operators and is at most logarithmically dependent on k v . Taking the limit k v — > 
we indeed find that the rhs of (jl.5p vanishes and thus (jl.4p is satisfied. Consequently the 
operator X v (k v =0) is exactly marginal. 

The same computation shows that operators with k v ^ will in general acquire an 
anomalous dimension, 

A s = A s (b = 0) + c n (bk v ) n . (1.6) 

71>0 

where A s (b = 0) is the non-relativistic scaling dimension in the original CFT and the c n are 
computable numerical coefficients. This discussion holds not only for X v {k v ) but also for 
general composite operators 0(k v ), i.e. in general, when k v ^ 0, they acquire anomalous 
dimensions in the deformed theory. We will discuss explicit examples in section HJ 

Note that b^ appears always in the combination b v k v and this quantity is invariant under 
the rescalings (discussed above) that can set b to any non-zero value. Later on, when we 
study in section U] specific examples using conformal perturbation theory to leading order 
the small parameter will be b v k v . 
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The fact that A s depends on k v has several important consequences. Correlation func- 
tions of composite operators in general require renormalization and the corresponding coun- 
terterms contain poles when A s takes integer values because new infinities arise when A s 
is an integer. The dependence of A s on k v then implies that the counterterms are non- 
polynomial in k v (when bk v <C 1, they are polynomial but contain an infinite number of k v 
factors) and thus non-local in the v direction. 

The stress energy tensor in the field theory is somewhat more subtle because there 
are actually two related stress energy operators. One is the operator that couples to the 
metric; this is a natural operator when considering the theory as a deformation of the CFT. 
This operator however is not conserved except at b = 0. The second operator is the one 
that couples to the vielbein; this tensor is not symmetric but it is conserved and it is the 
natural operator to consider in the deformed theory. We will illustrate this point with a 
toy Schrodinger invariant field theory in section [H 

We now move to the gravitational side. In all other examples of holography one sets 
up a holographic dictionary as follows: one first derives the most general asymptotic so- 
lutions of the field equations consistent with the boundary conditions. Substituting these 
solutions into the on-shell action S allows one to regulate the volume divergences and de- 
rive a covariant local boundary counterterm action £ ct which renormalizes the action, via 
<SVen = S + Sd p2] • Renormalized one point functions in the presence of sources are then 
derived by applying the GKPW prescription |13} E] to the renormalized action, namely: 



functions are obtained by further functional differentiation; to obtain n-point functions one 
will need exact regular solutions of the bulk field equations to order (n — 1) in fluctuations. 

The first question that we address is whether such a holographic dictionary can be set 
up for probe scalar operators, dual to minimally coupled scalar fields. We find that indeed 
there is such a dictionary, but with a key conceptual difference to all earlier examples of 
holography: the boundary counterterms are non-local in the lightcone direction v. This is 
consistent with the the field theory discussion which implies that, once we turn on a source 
for an operator with non-zero k v , there would generically be counterterms that depend 
on (bk v ) n for all n, and thus provides structural evidence for the holographic duality. As 
previously noted in [TJ [21 [15] the Schrodinger dimension for a scalar operator has the closed 



(O) 




where the boundary value <3?(o) acts as a source for the operator O. Higher correlation 
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form: 

A s = ~ + ^(0 2 + m2 + 62 fc 2 ) (L8) 

where m 2 is the mass squared of the bulk scalar field (in units of the curvature radius). 
This indicates that the series expansion like the one in (jl.6p should resum the square root 
form (fL8|) . 

We then focus on the gravitational sector of TMG and the massive vector theories. As 
a first step we consider linearized fluctuations about the Schrodinger backgrounds. We 
consider here the linearized equations in radial axial gauge (/i r j = h rr = 0) such that 

, 2 b 2 du 2 2dudv + dr 2 , ,■ , ,.• n . 

ds z = -. 1 ^ h -^dx l dx 3 (1.9) 

along with vector fluctuations in the vector model. We give the general solutions for these 
linearized fluctuations in sections [7] and [HJ In particular, we note that the number of 
independent solutions corresponds to the correct number of sources for dual operators and 
their expectation values (subject to constraints related to dual operator Ward identities). 

These solutions have a number of interesting features which we now briefly summarize. 
Both models admit two distinct sets of solutions to the linearized equations, which we dis- 
tinguish with superscripts 'T' and 'X'. The 'T' solutions are associated with the dual stress 
energy tensor, whilst the 'X' solutions are associated with the dual deforming operator. 
Note however that all bulk field fluctuations are non-zero in both sets of solutions. 

Looking first at the 'X' solutions, we see that indeed these exhibit the behavior expected 
for a bulk field dual to an operator with a k v dependent scaling dimension. In the case of 
TMG, the leading component of the fluctuation of the extrinsic curvature, R U u, acts as a 
source for the dual operator X vv . The asymptotic expansion of this linearized fluctuation 
is 

«uu = K (0)un r' A ^ 2 (l + ---)+K (2 A s -2)«n^ Ai, " 4 (l + ••■). (1-10) 



where the ellipses denote subleading terms as r — > 0. Then R(q) uu acts as a source for the 
dual operator X vv , and A s is its scaling dimension; moreover the two point function of this 
operator is indeed found to be of the expected Schrodinger form. The scaling dimension 
depends on the lightcone momentum, as shown in the field theory, and resums into the 
square root. At b = the Schrodinger dimension is in agreement with that of a relativistic 
dimension (3, 1) operator, as required by the AdS/CFT dictionary. 
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The case of the massive vector is analogous: the 'X' solutions are associated with the 
dual operators X u and X v , the latter of which is the deforming operator. The asymptotic 
expansions indicate that the Schrodinger dimensions of these operators are respectively: 

A S (X V ) = 1 + v/l + b 2 ^! A s(X u ) = 1 + ^ + b 2 kl (1.11) 

which are consistent with the CFT operator dimensions at b = and are again expressed 
as closed forms in (bk v ). 

An important feature of both these solutions is that they diverge faster as r — > than the 
background solution. This is because the operators with non-zero k v renormalize and while 
these operators were marginal (w.r.t. Schrodinger scaling) at b = they become irrelevant 
when b ^ 0. Irrelevant operators change the UV behavior of the theory and should hence 
modify the leading asymptotics of the holographic dual. This is precisely what happens 
here: the faster rate near r — > is precisely that dictated by the anomalous dimension. 

Now let us turn to the 'T' modes. In TMG the metric perturbation takes the form: 

huv = ^2 h (-2)uv + h( ) uv log(r 2 ) + h(o) uv + r 2 h {2 )uv (1-12) 
hvv = h(o) vv + r 2 h( 2 ) vv , 

with analogous results for the massive vector model. The precise form of the coefficients 
hf a )ij as functions of (u, v) is given in section[2 there are six independent coefficients subject 
to three constraints. The metric perturbation diverges faster as r — > than the background 
solution; it does not respect the falloff conditions discussed in |16| . This is associated with 
the fact that certain components of the dual stress tensor are irrelevant with respect to 
the Schrodinger dilatation symmetry. It is possible to impose by hand the constraint that 
the metric perturbations should not blow up faster than the background metric as r — > 0, 
but this generically imposes constraints on the operator sources in the dual field theory. In 
previous works such as [U \T7\ IT8] only such solutions with constrained asymptotics were 
discussed, and indeed the fact that the sources were apparently constrained was already 
noticed in [TT] . 

These 'T' modes should correspond to the stress energy tensor in the dual field theory. 
However, as noted above, there are subtleties in setting up the holographic dictionary in this 
case. One issue is the fact that one component of the stress energy tensor is an irrelevant 
operator, as mentioned above. The other is the fact that the conserved stress energy tensor 
for the field theory should couple to the vielbein, rather than the metric, and therefore, 
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as noted in [18], the appropriate variational problem in the bulk corresponds to specifying 
boundary conditions for the vielbein. This involves reformulating the bulk theories in a 
vielbein formulation and will be discussed elsewhere. 

The fact that the Schrodinger spacetime is obtained from anti-de Sitter by irrelevant 
deformations was already briefly noted in [T] . In [5] the relation of Schrodinger to anti-de 
Sitter via TsT transformations was used to argue that the dual field theory should be a null 
dipole theory; see also |1 T|, 1 19j for additional discussion of the TsT transformations required. 
This observation is consistent with the view espoused here: the irrelevant deformations 
should resum into a null dipole theory which respects Schrodinger invariance. Note that 
all terms in the dipole theory are exactly marginal w.r.t. the Schrodinger symmetry. We 
postpone to subsequent work full exploration of the null dipole structure, since null dipole 
theories have not been developed in earlier literature and their properties differ qualitatively 
from the spacelike dipole theories developed in [20" 1 l2~T j [22] . 

Whilst our viewpoint is consistent with the earlier proposals of [lj and [5] in the massive 
vector case, a somewhat different proposal has been made for the holographic dual to null 
warped backgrounds of TMG. In [23] it was suggested that the holographic dual to the 
null warped background should be a two-dimensional CFT with certain central charges 
(cljCr). Applying the Cardy formula at finite temperature using these central charges 
gives an entropy in agreement with that of a black hole which has null warped asymptotics. 
This agreement is certainly thought-provoking, but there are conceptual challenges with 
the suggestion that the dual field theory is a conformal field theory. When b 2 is small we 
can treat the solution as a linear perturbation around AdS and the spacetime (|l.ip can 
be interpreted using the standard AdS/CFT dictionary at the linearized level. Using the 
TMG holographic dictionary derived in [TO], the b 2 term acts as a source for the dimension 
(3, 1) irrelevant operator in the dual CFT. Therefore, the dual interpretation of null warped 
solutions of TMG at finite b 2 should indeed be in terms of a CFT deformed by irrelevant 
operators, which are however exactly marginal from the perspective of the Schrodinger 
symmetry. 

The outline of the paper is as follows. In the next section we review two gravitational 
models which admit Schrodinger solutions, namely topologically massive gravity in three 
dimensions and the massive vector model. In section [3] we discuss the modified asymptotics 
of the Schrodinger metrics and how these show that the dual theory is obtained from specific 
irrelevant deformations of a relativistic conformal field theory. We show in section [3] that 
these deformations are exactly marginal with respect to the Schrodinger group and use 
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conformal perturbation theory to discuss how the dimensions of operators change in the 
deformed theory. In section [5] we begin the holographic analysis by setting up the correct 
variational principle for TMG and deriving the dilatation operator at linearized level. In 
section [6] we discuss the bulk computation of the two-point function of a scalar operator. 
We consider the linearized analysis for TMG in section [7J and present the general solutions 
of the linearized equations. We set up a holographic dictionary for the deforming operator, 
and show that its two point function is of the expected form. We treat the linearized 
problem in the massive vector model in d = 2 and give the general solution of the linearized 
equations of motion in section [HJ We discuss our conclusions and open questions in section 

El 

2 Gravity theories 

Schrodinger backgrounds arise as solutions to a variety of gravitational theories. In this 
paper we will consider topologically massive gravity and massive vector models and here 
we briefly review both theories. Throughout this paper we use the following conventions 
for the curvatures: 

R fiup a = dv T p P + T u\ P T l\ ~ ° v )i R w = R p,ap a 

so that for the metric G^ v given by (jl.lh one obtains: 

Rpv = -dG^ + {d + 2) (2.2) 



which can be used to verify the formulae below. 



2.1 Topologically massive gravity 



Topologically massive gravity (TMG) is a three-dimensional theory of gravity where the 
usual Einstein-Hilbert action is supplemented with a gravitational Chern-Simons term. The 
total action reads: 

s = i^rW / d " x ~ 2A + T/" V ^ d ^ + l^^p)) (2 - 3) 

where F^ u are the connection coefficients associated to the metric and where we use the 
covariant e-symbol such that \/—Ge uvr = 1, with r the radial direction in (jl.ip . Variation 
of the action results in the equations of motion: 



Rpv - \g, w R + AG^ U + (e^VpRau + e u pCT V p R afl ) - (). (2. ! j 
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We henceforth set A = — 1. Taking the trace of this equation results in R = —6, so all 
solutions to TMG have a constant negative Ricci scalar. Furthermore, any Einstein metric 
in three dimensions has = —2G^ U and is easily seen to be a solution of (|2.4p as well. 
In particular, AdS3 is a solution of TMG for all values of fi. For generic values of [i there 
also exist so-called warped AdSj, spaces, see [23| for their properties. In the specific case 
/i = 3we find null warped AdS s solution, 

, 9 b 2 du 2 2dudv + dr 2 

ds = ~— + ~2 > ( 2 - 5 ) 

which is precisely (jl.ip with d = 2. Therefore null warped AdS% is equivalent to the three- 
dimensional Schrddinger spacetime. In solving the TMG field equations b 2 is an arbitrary 
real parameter, so, in particular, b 2 can have either sign. In the massive vector model we 
discuss below this is not the case and b 2 is necessarily positive. Furthermore, the analysis in 
section [6] seems to indicate that b 2 > is necessary for stability. For these reasons we will 
continue to use the notation b 2 even when we consider the metric as a solution to TMG. 

In |10j details of the holographic dictionary for TMG were presented. The most im- 
portant feature for our purposes is that, since the equations of motion of TMG are third 
order in derivatives, we need to specify not only the boundary metric but also (a compo- 
nent of) the extrinsic curvature in order to find a unique bulk solution. When we apply 
gauge/gravity duality to TMG with a negative cosmological constant, the extra bound- 
ary data corresponds to the source of an extra operator. Therefore, besides the boundary 
energy- momentum tensor ly, which couples to the boundary metric g(p)ij: we a ^ so have a 
new operator X m which couples to the leading coefficient of the radial expansion of the 
(uu) component of the extrinsic curvature. It was shown in [10] that the operator X vv has 
weights (/if,, hp) = |(/i+3, fi— 1). (Strictly speaking, the analysis of [10] was for < \i < 2, 
but the extension to general fj, is straightforward.) Moreover, a precise relation between the 
extra boundary data and the presence of a new operator in the dual field theory was es- 
tablished and the two-point functions of these operators around the state dual to an AdS 
background were computed. 

Working to leading order in b 2 , we can interpret the Schrddinger solution (|2.5p using 
the linearized AdS/CFT dictionary. Noting that the metric 



9 }mdx l dx 3 + 2dudv + dr 2 
ds 2 = 2 ( 2 - 6 ) 



describes linearized perturbations about an AdS background, then the results of [10J indicate 
that the general solution to the linearized equations of motion at \i = 3 in which hij depends 
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only on the radial coordinate is: 

h uv = h(Q) uv ; (2.7) 

1 2 

h uu = — h(_2)uu + h(o) uu + r h(2)uu', 
h vv = h(Q} vv + r 2 h(2) vv + r 4 h^ vv , 

which is expressed in terms of seven independent integration constants. If only the constant 
h(-2)uu = ~b 2 is non-zero, the linearized solution is precisely the Schrodinger solution, 
which of course also solves the full non-linear equations of motion. However, applying the 
holographic dictionary derived at the linearized level, — b 2 acts as a (constant) source for 
the dimension (3, 1) operator X vv . Therefore, the dual field theory, at least to leading order 
in b 2 , must be a null irrelevant deformation of the original conformal field theory. 

Applying the holographic one point functions applicable at the linearized level which 
are given in [10] yields: 

{Tun) = (T vv ) = (X vv ) = 0, (2.8) 

for this background. This indicates that the background corresponds to the vacuum of 

the deformed theory. It is also interesting to note that a linearized solution with constant 

h(—2)uu = h(2)uu a ^ so solves the non-linear equations of motion. The resulting background: 

Hr 2 1/1 \ 
d s 2 = ^- + — ( -b 2 (— + r 2 )du 2 + 2dudv (2.9) 

is Schrodinger in the global coordinates introduced by [2jj. Applying the linearized holo- 
graphic one point functions given in [10] to this background, we note that there is still a 
constant source for the dimension (3, 1) operator X vv but: 

(Tun) = "T^ 2 ' ( 2 - 10 ) 

with (T vv ) = (X vv ) = 0. This suggests that the background should correspond to the 
deformed field theory in a different state, with (T uu ) presumably related to the Casimir 
energy. We should emphasize however that these formulae for the holographic one point 
functions apply only at leading order in b 2 . Understanding the dictionary at finite b 2 is far 
more subtle; it requires us to go beyond asymptotically locally AdS spacetimes and is the 
focus of section [71 

Note that the holographic dictionary for TMG reflects the various problems of the theory. 
The theory contains negative norm states and it is thus unlikely that TMG in itself could 
be a consistent theory of quantum gravity. Nevertheless it remains a rich and interesting 
toy model offering gravitational dynamics in three bulk dimensions, logarithmic correlation 
functions (for [i = 1) and, as we exploit here, it allows Schrodinger backgrounds as solutions. 
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2.2 Massive vector model 

The massive vector model consists of Einstein gravity coupled to a massive vector field. 
The action is 

S = J d d+1 x V^G(R -2k- - im 2 V4") ( 2 - n ) 



The equations of motion take the form 

1„„ . „ 1 , 1 ,, , . / I „ 1 

4 



R»* ~ ^RG^u + AG^ = ^V/ + ^m 2 A^A u - -F^F^ + —m 2 A A p 



V"F Ufl - m 2 A fl = 



(2.12) 



The vector equations of motion also imply the identity VM M = 0. 
For A = — d(d — l)/2 and m 2 = 2d we find the metric (jl.ip and 

A=^du. (2.13) 

as a solution. Note that the dimension of the dual vector operator Aj is (d + 1) and the 
linearized AdS/CFT dictionary implies that b acts as a source for the operator X v . 

The solution with d = 4 requires a massive bulk vector field with m 2 = 8. Such a vector 
field arises as one of the Kaluza-Klein modes in type IIB compactifications of the form 
AdSs x Y with Y a Sasaki-Einstein manifold. A consistent truncation including this mode 
was found in [5], and this can be used to uplift the solution to a ten-dimensional solution 
of type IIB supergravity. The five-dimensional consistent truncation contains the metric, 
the massive vector field with m 2 = 8 and three scalars (one of which is massless) with a 
nontrivial potential. Further discussions of embeddings of Schrodinger solutions into string 
theory may be found in [25l [261 EH [281 [29l EQl [M] - 

The solution presented above in the case of d = 4 is related by a so-called TsT transfor- 
mation to AdSs x Y \17\ [5]. Following the chain of transformations, this implies that the 
field theory dual to a Schrodinger spacetime should be a null dipole theory. Dipole theories 
were originally introduced in [20j and arise from taking decoupling limit of branes in a back- 
ground with a B field with one leg longitudinal to the brane and one leg transverse to the 
brane. The structure of dipole theories is analogous to the better known non-commutative 
theories that arise on decoupling branes in a background with constant B longitudinal to 
the brane worldvolume [32]. In general, to obtain a dipole theory, one starts with a local 
and Lorentz invariant field theory in d dimensions. Then to every field $ is assigned a 
vector where \x = 1, ■ ■ • d; this is the dipole vector of the field. The fields can be scalars, 
fermions or have higher spin. Next, one defines a dipole product which is non-commutative: 

$i*$ 2 = $ 1 (a;-iL 2 )$ 2 (x + iL 1 ). (2.14) 
14 



This defines an associative product provided that the vector assignment is additive, that is, 
$1 * <&2 is assigned the dipole vector L\ + Li- For CPT symmetry, one requires that if 
has dipole vector L then the charge conjugate field, & , is assigned the dipole vector —L. 
Also gauge fields have zero dipole length. In most of the earlier literature, the case where 
the dipole vector L is spacelike was considered. In the current context, however, the dipole 
vector is null, as we review below. In the case where Y = S" 5 , the TsT transformations 
change the dual field theory from N = 4 super Yang-Mills to a null dipole version of this 
theory. The analytic structure of quantities computed holographically should therefore 
match those expected for a null dipole theory. However, there is very little literature on 
null dipole theories. The analytic structure of spacelike dipole theories is believed to be 
closely related to that of non-commutative theories, which in turn is extremely subtle due 
to UV/IR mixing |33| . The analytic structure of null dipole theories should however be 
more similar to theories with light-like non-commutativity, which were argued in |34] to be 
unitary, and this is consistent with what we find here. 



3 Asymptotics in the gauge/gravity duality 

As already mentioned in the introduction, the Schrodinger spacetime is not an asymp- 
totically locally AdS spacetime. As is reviewed in [12J, any asymptotically locally AdS 
spacetime admits in the neighborhood of the conformal boundary r — > a metric of the 
form: 

dr 2 1 

ds<2 = 72" + -^9ijdx l dx 3 gij(r, x k ) = g( )ij(x k ) + ... (3.1) 

where the dots represent terms that vanish as r — > and 5(o)ij is an arbitrary non-degenerate 
metric. 

The relevance of this structure to holography is the following. Suppose we would like to 
use holography to compute certain field theoretic quantities. Just as in field theory compu- 
tations, the holographic computation of these correlation functions suffers from divergences 
which need to be regularized and renormalized [12]. In this procedure of holographic renor- 
malization the asymptotics of the spacetime play a crucial role: they are, via the equations 
of motion, directly related to the form of the divergences which need to be subtracted 
[351 136] - For example, for asymptotically AdS spacetimes the supergravity equations of 
motion, combined with the asymptotics (|3.ip . guarantee that all divergences are local in 
the boundary data [371 EE]- These divergences can therefore be subtracted by local coun- 
terterms as well. This is in agreement with the fact that the dual field theory is local and 
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renormalizable, and the fact that the divergences on the gravity side have this form is strong 
structural evidence for gauge/gravity dualities. 

For the case at hand, we find ourselves outside of the usual framework, since for nonzero 
b the spacetime is no longer AlAdS. The standard results of holographic renormalization 
therefore do not directly carry over to this setting and in order to obtain correlation functions 
one has to build a holographic dictionary from first principles. Just as in field theory, it 
is imperative to understand systematically the structure of these divergences in order to 
discuss renormalization and obtain correct finite correlation functions. Notice that there is 
a priori no guarantee that the divergences will be local in the boundary data and in fact 
we will encounter certain nonlocality in the divergences below. 

3.1 Interpretation as a deformation 

In this paper we will explore the analytic structure on both sides of the duality. As a first 
step in this exploration it is interesting to take the limit 6 — > 0, for which the metric (II. ip 
reduces to that of empty AdS, and expand correlation functions perturbatively in the small 
parameter b. When b is zero we simply recover the AdS metric in Poincare coordinates, and 
results to leading order around b = may be obtained via the usual AdS/CFT dictionary. 
In particular, for small perturbations around the conformal vacuum we find the following 
radial expansion for the massive vector field A^: 

A i = ^I ( A m + ■■■ + r d+2 A {d+2)t + ...). (3.2) 

Holographically, A( v is interpreted as the source for a dual operator X 1 and its expectation 
value is related to the normalizable mode A^ + 2)i- Given the mass of the bulk vector field, 
the corresponding scaling dimension A of the dual operator X 1 is given by (d+ 1). 

By comparing the explicit gauge field solution (|2.13p with (|3.2p we find that, to first 
order, switching on b can be interpreted holographically as an irrelevant deformation of the 
original CFT of the form: 

J d D+2 xb v X v (3.3) 

where b v = b. Similarly, as we discussed earlier, for TMG the corresponding deformation 
is: 

Jd 2 xb vv X vv . (3.4) 

with b vv = -b 2 . 

These results are based on an analysis for small b. Given that the deforming operators 
are irrelevant (so the deformed theory appears non-renormalizable and thus uncontrollable 
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in the UV) it would seem hard to extend these results to finite b. We have seen however 
that the linearized solution automatically solves the non-linear equations of the motion. 
This is related to the fact that the linearized solution has a new scaling symmetry, the 
dilatation of the Schrondinger group, which controls the UV behavior of the theory and the 
value of b can be set to any value (provided it is non-zero) by an appropriate scaling of the 
lightcone coordinates (see footnote [3]) while maintaining the new scaling symmetry. Thus 
the solution derived for small b is automatically also a solution for large b. The counterpart 
of this statement on the QFT side is that the deforming operator is exactly marginal and 
after the deformation the theory finds itself at a non-relativistic fixed point. 

One of the main questions is then to understand how the deformation changes the 
spectrum of operators. We will analyze this question on the field theory side using conformal 
perturbation theory. On the gravitational side, the same question amounts to solving the 
linearized equations of the motion. 

4 Field theory analysis 

From the previous discussion, Schrodinger backgrounds are dual to conformal field theories 
deformed by operators that respect the Schrodinger symmetry. In this section we will use 
conformal perturbation theory to show that the deforming operator is exactly marginal and 
then study how the spectrum of scaling dimensions changes in the deformed theory. We 
will only use general results that follow from conformal invariance, so our results are valid 
for any relativistic CFT, weakly or strongly coupled, that has in its spectrum operators 
of the right type. Similar arguments can be made for scale invariant theories with other 
dynamical exponents, z ^ 2, and these are discussed briefly in section WM 

4.1 Marginal Schrodinger invariant deformations 

Any relativistic d-dimensional conformal field theory is also invariant under the (d — 2)- 
dimensional Schrodinger group. In particular the non-relativistic scaling dimension A s is 
related to the relativistic scaling dimension A via [lj [5] : 



where M vu is the eigenvalue of the boost operator in the lightcone directions normalized 
such that v and u have eigenvalues +1 and -1, respectively. This implies that one can 
break the relativistic conformal group while preserving the (d — 2)-dimensional Schrodinger 



A 



s 



A + M, 
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subgroup. Such deformations will necessarily also break the Lorentz invariance since the 
deforming operator must have a non-zero eigenvalue M vu . 

Consider now a conformal field theory deformed by an operator with Schrodinger scaling 
dimension A s . Such a deformation is irrelevant with respect to the Schrodinger symmetry 
when A s > d, marginal when A s = d and relevant when A s < d. Consider first the 
case where we deform with a scalar operator. Then the deformation respects not only 
Schrodinger symmetry, but also the relativistic conformal symmetry, as it does not break 
rotational invariance in the (u, v) directions; such marginal deformations of CFTs have been 
extensively explored. Suppose now that the operator is not a scalar, but rather a vector 
Xi or a tensor Xij, of Schrodinger dimension d. Such deformations can respect Schrodinger 
symmetry, but break the relativistic symmetry, provided that the sources are constant null 
vectors or tensors respectively, with components only along the v directions. An example 
of such a deformation is: 

Soft -> S C ft + J d^xdudvb'X^v^u^x 1 ) = S C ft + J d^xduWX^kv = 0, u, x'), (4.2) 

with b % a constant null vector with non-vanishing component b v = b and X the Fourier 
transform of X in the v direction. This example is realized in the duality with the massive 
vector theory. In the case of TMG, the deformation of interest is by a tensor operator, 
namely: 

Soft -> Soft + J dudvb ij X^v^u^x 1 ) = S C ft + J dub ij Xij(k v = 0, u, x*), (4.3) 

where the only non-vanishing component of b % i is b vv = —b 2 . In both cases the deformations 
are marginal from the perspective of the Schrodinger symmetry, i.e. whilst both operators 
are irrelevant from the perspective of the relativistic conformal symmetry, they have non- 
relativistic scaling dimensions A s = d. The deformations break the Lorentz symmetry, but 
respect all rotations, translations and boosts of the Schrodinger group. In the specific case 
of two dimensions, the deformations in addition respect the infinite-dimensional algebra 
associated with analytic coordinate transformations u — > v! = u'(u). 

To illustrate the general idea let us give a simple explicit example: consider the two- 
dimensional action 

S = j dudv (d u <S>d v § + bd u <$>{d v <S>f) . (4.4) 

The first term preserves full two-dimensional relativistic conformal invariance whilst the 
second corresponds to a deformation of the relativistic conformal field theory by a dimen- 
sion four operator, with scaling weights (3,1). The deformation manifestly breaks both 
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relativistic conformal invariance and two-dimensional Lorentz invariance but preserves the 
Schrodinger invariance (at least at the classical level) . More generally, one can observe that 
any deformation of the type: 

5S = J dudv(d u <f>d v $)f(d v <S>,d 2 <f>,---) (4.5) 

respects the Schrodinger symmetry at the classical level for any functional f(d v &, d 2 &, ■ ■ ■ )■ 
Such deformations are manifestly marginal with respect to the Schrodinger symmetry, 
but one also needs to show that the deformations are exactly marginal. This requires 
proving that the non-relativistic dimensions of X(k v = 0,u,x l ) remain equal to A s = d in 
the deformed theory, which amounts to showing that the 2-point function of X(k v = 0, u, x l ) 
in the deformed theory is the same as in the original theory. We can demonstrate this 
property using conformal perturbation theory as follows. Let us consider first the case of 
deformation by a vector operator with a constant null source. In conformal perturbation 
theory, the correction to the two point function in the deformed theory is expressed in terms 
of higher point functions in the conformal theory as: 

S{X v (k v , k u , ki)X v ( k v , —k u , — k{)) 

= E ^ {Xvfa, k u , ki)(bX v (0)) n X v (-k v , -k u , -kt)) • (4.6) 

n>l 

Note that the operator insertions are at zero momentum. In the original CFT, the oper- 
ator X v (0) has relativistic conformal dimension (d + 1) and Schrodinger dimension d, and 
transforms as a vector. This implies that the deformed theory is invariant under relativistic 
conformal symmetry provided that b is transformed contravariantly, with relativistic scaling 
dimension minus one. Each additional insertion of (bX v (0)) therefore adds another factor 
of bk v , so that: 

/x^k^k^ibX^X^-k^-k^-kA = (4.7) 

\ n I CFT 

(bk v ) n (X v (k v , k u , ki)X v (-k v , -k u , -hi)) f (Hk 2 /^ 2 )) . 
\ / OFT 

As we will show below, relativistic conformal invariance implies that the scalar function 
/ can depend only logarithmically on the momentum. Since the CFT two point function 
is necessarily finite or vanishing at zero momentum, the operator at zero k v momentum 
receives no corrections to its two point function since: 

/x^k^k^flibX^X^-k^-kA ^0 (4.8) 

\ / CFT 
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for all n > 1. A similar argument implies that the operator at zero k v momentum remains or- 
thogonal to all other operators. Thus the deforming operator is exactly marginal. However, 
the operators at non-zero k v momenta do receive corrections to their two point functions 
and thus to their scaling dimensions under Schrodinger symmetry; these corrections will be 
explicitly computed below. 

4.2 Proof of marginality 

The key identity required to prove that the operator X(k v =0) is exactly marginal is: 

/x v (k v ) (f[b» ■ X^(k v =0)) X v (-k v )\ = (4.9) 

\ \i=l / / CFT 

(X v (k v )X v (-k v )) CFT (b v k v ) n f (log k v ,...) 

where f(logk v , ...) is a dimensionless function that carries the dependence on the positions 
of the operators and is at most logarithmically dependent on k v . The corresponding identity 
for TMG involves the operator X vv in the two dimensional conformal field theory. 

In this section we will prove this identity in the case of two-dimensional CFTs. In 
two dimensions, both the massive vector and TMG cases involve deriving the structure of 
(n + 2)-point functions of (q, 1) operators, X v ... v (q f-indices), with themselves, in which n 
of the operators are at zero momentum. We will do the computation in position space and 
in Euclidean signature and then Fourier transform afterwards. We thus need to compute 

j {T\ d2w ^j \X v ... v (wi,wi) X v ... v (wi,Wi^ X v ... v (w n+ 2,w n+2 )J . (4.10) 

Recall that conformal invariance constrains the (n + 2)-point function, G^ n+2 ^ , of oper- 
ators of weight (h, h) to be of the form 

G ( + >{wi,wi]--- ;w n+ 2,w n+2 ) = [[Wij Wij 'y(iu£;iu£) (4.11) 

i<j 

where = Wi — Wj and Y is an arbitrary function of the 2((n + 2) — 3) cross ratios, 
ki _ w Z] w u hi _ wyw hl ^ £ interest for us is (h, h) = (q,l) but we will not yet 

impose this. We need to integrate over the position of n operators, as in (|4.10|) . To proceed 
we first use translational invariance to set u) n +2 = w n +2 = and rescale, 

Wi = uJiWi, Wi = uiiWi, i = 2,...,n + l (4-12) 
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This yields 



J ^IT^ 2 ^ G ( - n+2) (w 1 ,w 1 ; - ■ ■ ;w n+2 ,w n+2 ) 

™1 W l \i=2 J 

n+1 

X n (u; 2h ^ n+i \i - Wi )- 2/i/(n+i) ) _ ^.)- 2v(n+i) 

i=2 i<j 
n+1 

x n (V 2v(n+i) (i - ^)- 2 " /(n+i) ) n^i - ^r 2 " /(n+i) . (4.i3) 

i=2 j<j 

Power counting shows that the integrals diverge as u>i ~ ojj ~ with degree of divergence 
(h — l)n, and similarly there is a divergence when u)j ~ cDj ~ with degree of divergence 
(h — l)n. When h = 1 and/or h = 1 the integral has logarithmic divergences. 
Specializing to our case we find 



/ 



'n+1 \ / /n-1 \ \ 

Q d 2 w i J ( X v ... v (wi,wi) I ]~[ ^...^(u^,^) I X^^O, 0) ) 

^i=2 / \ \i=2 / / CFT 

= (X v ... v (w 1 ,w 1 )X v ... v (0, 0)) CFT 1 w /(log K| V) (4-14) 

where /(log |t«i| 2 /U 2 ) is the (dimensionless) function that results from the evaluation of the 
integrals (after appropriate regularization/renormalization) and we explicitly indicate that 
it will depend on log \wi\ 2 /j, 2 (at most polynomially) because the integrals are logarithmically 
divergent. We will compute such integrals in the next few subsections. 
Fourier transforming and reinstating the coupling b v "' v we find 

(.X v ... v (k,k) (f[b v - v X v ... v (k=0,k = 0)j X v ... v (-k,-k)\ 

\ \i=l I I CFT 

(X v ... v (k, k)X v ... v (-k, -~k)) CFT (b v - v {kY) n f{\og\k\/m 2 ). (4.15) 

Wick rotating to Lorentzian signature k becomes k v and this is the identity we wanted to 
prove. 

4.3 Deformations of two-dimensional CFTs: TMG example 

In this subsection we consider more explicitly deformations of two dimensional conformal 
field theories that respect Schrodinger symmetry. In particular, we would like to understand 
how the spectrum of operators changes as we move from the relativistic fixed point to the 
Schrodinger fixed point, i.e. we would like to compute the non-relativistic dimension A s 
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of the operator. As in the previous subsection we will use conformal perturbation theory; 
note that this does not require a weakly coupled realization of the CFT. In contrast to 
the previous subsection, we will only work to the first non-trivial order. We will, however, 
explicitly evaluate all integrals. Keeping in mind the example of TMG, we begin with 
the case where the CFT is deformed by a (3, 1) operator A^i (called X vv in the previous 
subsection) so that 

Soft -> Soft -b 2 J d 2 wX 3tl , (4.16) 

and from here onwards we work in Euclidean signature with y/2u — > w and ylv — > w. The 
numerical factors are included for computational convenience in what follows. 

Suppose that the original CFT has primary operators O h ^ of dimension (h, h) (one of 
which is X( 3)1 )). We would like to compute their dimension in the theory (|4,16p . Let their 
two-point functions in the original CFT be normalized as 

(O h - h (w, w)O h - h (0, 0)> = -J^, (4.17) 

where the Euclidean metric is 

ds 2 = dwdw. (4.18) 

Now let us calculate the corrections to the two point functions in the deformed theory, 
working perturbatively in the deformation parameter b 2 . To leading order in b 2 the correc- 
tions to the two point functions are computable from three point functions in the conformal 
theory 



6(O hl - hl (w,w)O h3 - h3 (0,0)) = -b 2 J dMO hl - hl (w,w)X 3A (y,y)O h3 - h3 (0,0)). (4.19) 

Note in particular that the correction to the two point function does not in general preserve 
the orthogonality of the basis; there is operator mixing and the operator basis needs to be 
diagonalized. For simplicity we will consider here the case of operators which do not mix 
with other operators. 

The three-point functions with the operator A^i are given by the familiar expression 

(^,^(^1^1)^3,1(^2,^2)^3,^3(^3,^3)) = ClX3 fel+3 „ fe3 3+ l 3 _ hl h3+hl _ 3 

w 12 w 23 w 13 

' (4.20) 



h 1+1 -h 3 l+ha-h! -113+Tn-l ' 

tt/i 9 u'no UU 



J Y1 ^23 ^13 

where Wij = Wi — Wj and C\x3 are constants. However, there is a subtlety, as this expression 
holds only at separated points, whilst (|4.19p involves an integration which receives contri- 
butions from contact terms. This means that (|4.20j) needs to be replaced by a renormalized 
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expression which is well-defined at coincident points. Since the integration is over position 
space it is convenient to use differential regularization techniques [39] and write down an 
expression for the three point function which coincides with (|4.20p at separate points but is 
well-defined at coincident points. In d dimensions a distribution |rr| _2A behaves for x — > 
as: 



i i i r(f) 



-Sd-td^S^ix), (4.21) 



|x| 2A d + 2n-2\2 2n n\T(^ + n) 
where Sd-i = 2ir d / 2 /T(d/2) is the volume of the unit (d — 1) sphere. This implies that 
the distribution has poles at A = d/2 + n where n = 0, 1, • • • . To obtain a well-defined 
distribution one subtracts this pole; it suffices to work out the case of A = d/2 since the 
others can be obtained by differentiation. In particular, in two dimensions one replaces 
VM 2 by 

HI r \ ■ 7? [ A ^ 

where m 2 is the renormalization scale. The renormalized expression differs from l/|x| 2 
by the infinite term 5(x) log(m 2 |x| 2 ) localized at x = 0. This form for the renormalized 
quantity is specific to two dimensions, and can be obtained taking the d — > 2 limit of 
the corresponding expression for d > 2 given in (I4.70p . The Fourier transform of the 
renormalized expression was computed in the appendix of [40] and is given by 

D{k) = I d 2 xe~ ikx D{x) = -vrln ( ^) , (4.23) 



D(x) = TZ (ri2 ) = ^□ln 2 (m 2 |a;| 2 ) (4.22) 



where fi 2 = 4e 2l m 2 . 



The three point function of interest has h\ = h% = h and h\ = h% = h, and can be 
rewritten in the form: 

C 

R,)i(™l^l)^,l(»2,W2)^ft(w3,W3)) = - 2fe _ 3 _ 2 E_ T ( 4 - 24 ) 



i2 



Wi I I 19 / tUa I I 19 

\Fl2|/ V 1^23 1 

The structure constant C is given by C = C\xi- The singularities as W2 —> w\ and wi — > W3 
are removed via the renormalized expression: 

C 

(O h ,h( w i>™l) X 3A w 2,W2)O hfi (w 3 ,w 3 )) = (4.25) 

4w 13 w 13 

xdLn ( ^-^] dLn ( 1 



W\2V J m V 1^23 1 2 



which manifestly agrees with the previous expression away from contact points. For sim- 
plicity we will compute the correction to the two point function at separated points, i.e. we 
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will disregard contact terms as w\ — >■ IU3, but it is straightforward to generalize the analysis 
to include these. Note also that contact terms are in any case absent when the scaling 
weights are such that 2h and 2h are not integral. 

The leading correction to the two point function is: 

(4.26) 

To compute the integral first note that it is a convolution and therefore: 

where the Fourier transform D{k) was given in (|4.23p . Thus: 

I d2yU {\^) n {w 1 w) = (4.28) 

= 2ir- pr \n(m 2 \w — x\ 2 ), 

\w — x\ z 

where we again use the Fourier transform (|4.23p . The complete two point function to first 
order in b 2 is then: 

(O h - h (w, w)O h - h (0, 0)> = — ^ (co - ln(m 2 \w\ 2 )) , (4.29) 

where m 2 = m 2 e~ 25 ^ 12 . This correction respects Schrodinger symmetry and is of the form 
(|4.14p discussed in the previous subsection. 

As discussed earlier, it is natural to work with operators of fixed right moving momen- 
tum, so we now Fourier transform this expression. For simplicity, we will work out the case 
h = h. The general case is a straightforward extension. Recall that the general expression 
for the Fourier transform of a polynomial in d dimensions is 

/ d d xe-^(\x\ 2 )- x = 7r d / 2 2 d - 2x Tid ^~ X \ \k\ 2 ) x - d / 2 , (4.30) 

which is valid when A ^ (d/2 + n), where n is zero or a positive integer. (These are the 
cases in which the distribution in x is ill-defined, as discussed in (|4.2ip . and one needs to 
subtract poles.) Differentiating this expression with respect to A results in the identity: 

f d d xe- lls (\x\ 2 )~ x HM 2 \x\ 2 ) = -^2^-2X ^/2 - A) inflfcp/^), (4.31) 

J r (A) 

with 

fj, 2 = AM 2 exp[^(d/2 - A) + tp(X)}, (4.32) 
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where ip(x) is the digamma function. In the two-dimensional case, d 2 w = l/2dwdw, and 
applying (anti) holomorphic derivatives leads to further identities such as: 

dwdwe- %kw - fm w- 2 \w\~ 2X = -7r2 3 - 2A ^^~^ ) fc 2 lfc| 2 ^- 1 ) i (4.33) 

r(A + 2) 

where \k\ 2 = Akk. After differentiating with respect to A one obtains: 

dwdwe- lkw - fm w- 2 \w\- 2X HM 2 \w\ 2 ) = ^ 3 ~ 2A w! ~ X l k 2 \k\ 2{X ~ 1] ln(|fc| 2 /^ 2 ), (4.34) 

r(A + 2) 

where /if = 4M 2 exp[^(l - A) + ip(2 + A)]. 

Using these identities the Fourier transform of the corrected two point function of a 
scalar is: 

(O h , h (k, k)O h , h (-k, -k)) = Ak 211 - 1 '^- 1 (1 + Bk 2 \n{\k\ 2 / £)) , (4.35) 

where 

A - r ,o2-4 fe r(l-2fe) _ 6nC 2 

A ~ Co7r2 T(2h) ' B --coh(2h + l) b - (436) 

Note that the normalization of scalar operators in the CFT required to match the standard 

holographic normalization is [12j: 

c^^-^J^y < 437 > 

in other words, a canonically normalized bulk scalar field will lead to two point functions in 
the CFT with this normalization. In momentum space the general expression for the two 
point function in a Schrodinger invariant theory takes the form: 

(0 Aa (k,k)0 Aa (-k,-k)) =g(k)k A '-\ (4.38) 

The corrected two point function is consistent with this form where at leading order in b 2 

A, = 2S + 7C*), 7W = -_^L_ 6 V ; (4.39) 

and we have used the normalization ([4.37P in the latter equality. The normalization factor 
g (k) is written in this way in anticipation of the holographic result in section [6j which 
indeed takes this form to all orders in b. As anticipated, the anomalous dimension depends 
explicitly on the holomorphic momentum, and vanishes when this momentum is zero. Note 
that on general grounds it is also clear that correlation functions in these theories should 
depend on the combination b 2 k 2 , as this is the quantity which is invariant under rescalings 
of the bulk lightcone coordinates. In other words, by rescalings of the lightcone coordinates 
one can rescale b 2 to any non-zero value but b 2 k 2 is independent of such rescalings. 
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Analogous corrections would be expected for the two point functions of all operators, 
but in general, as mentioned above, operators will mix and one will need to rediagonalize 
the basis of operators. The leading order corrections are all determined by the three point 
function coefficients C\x3- This means in particular that, because the form of the OPE for 
the stress energy tensor (T, T) in a conformal field theory implies that the stress energy 
tensor does not have a three point function with the operator -X3 i, the correlation functions 
of (T,T) are not corrected at order b 2 . This is as one might have expected, since the stress 
energy tensor should not acquire an anomalous dimension. However, as we will discuss 
shortly, the conserved stress energy tensor of a non-relativistic theory is necessarily not 
symmetric, and thus the operators (T, T) are not natural operators in the deformed theory. 

As discussed earlier, the deforming operator X itself generally acquires an anomalous 
dimension when its lightcone momentum k v is non-zero. The leading correction to the two 
point function is given by (|4.29p . and generically corrections to the two point functions occur 
at all orders b 2n , and are related to (n + 2)-point functions in the CFT. The holographic 
computation in section [7] indicates that this series in b 2 can be resummed into the simple 
form: 

(X(k)X(-k)) b = g(k v )k^-\ (4.40) 

where the normalization g(k v ) is lightcone momentum dependent and so is the non-relativistic 
scaling dimension, A s = 1 + \fl + b 2 k 2 . Notice in particular the scaling dimension is larger 
than two, for b 2 > and non-zero k v , and thus the operator is irrelevant. This expression 
is completely analogous to the expression for the probe scalar operator (14.381) . Expanding 
this expression perturbatively in b 2 results in: 

(X(k)X(-k)) b = g{k v )k u (l + (±b 2 k 2 - ]n(K) + ^(Hk u )) 2 + • • • ) (4.41) 

to order 6 4 . It would be interesting to see whether the terms at order b 4 follow from generic 
features of the four-point function of X, or whether these coefficients are specific to the 
theory dual to TMG. 

4.4 Other deformations of 2d CFTs: general z 

Let us next consider the more general situation in which one deforms a 2d CFT by a (p, q) 
operator y p> g where (p, q) are the CFT scaling weights corresponding to (v, u) respectively, 

Soft ->■ Soft + h v>i \ dudvy p , q . (4.42) 
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Such a deformation will respect non-relativistic scale invariance with dynamical exponent 
z under which u — > X z u and v — > X 2 ~ z v provided that 

(p-l)(z-2) = (q-l)z. (4.43) 

For z / 2 scale invariance is respected provided that q = 1 with p arbitrary. For z > 2 
the condition can be satisfied for discrete values of the weights (p,q)- Note that the ratio 
u 2-z y -z j g sca j e invariant, whilst (uv) scales with dimension two (as in the relativistic 
theory). As a simple example in the case of z = 3 a classical action one can write down is: 

S = f dudv(d u ®){d v $) (1 + b 4>2 (d u $)(d v $) 3 ) (4.44) 

where &2,4 characterizes the deformation of the original relativistic CFT by a dimension (2, 4) 
operator. Dual holographic geometries which respect such non-relativistic scale invariance 
with a generic dynamical exponent z 7^ 1 are given by: 

, 2 dr 2 1 / , , , 2 du 2 \ , „ . 

The symmetry group consists of: 

% : u-f u + a, M : v -> v + a, (4.46) 
T> : r — > (1 — a)r, u — > (1 — za)u, v — > (1 + (z — 2)a)v, 

and thus the v coordinate scales non-trivially except when z = 2. Note that for 2: > 2 the 
coordinate v scales as a negative power of the dilatation. 

For generic z such non-relativistic backgrounds can be straightforwardly realized as 
solutions of Einstein gravity coupled to massive vectors, although much of the literature 
has concentrated on the Schrodinger case for which z = 2. The case of critical speeding up, 
namely z < 1, for which b 2 < 0, will be explored in detail in other work |41] : in this case 
the spacetime is asymptotically anti-de Sitter and many of the conceptual subtleties of the 
z > 1 case are absent. Spacetimes with generic z can also be realized as solutions of TMG: 
the metric (|4.45p solves the TMG field equations when fi = (2z — 1). These TMG solutions 
were discussed in |42j and fit into the classification given in [43J as pp-waves. For b > 0, 
these solutions with u compactified were recently discussed in |44j . 

Now consider operators O h ^ of conformal dimensions (h, h) in the original CFT in 
Euclidean signature with y/2(v,u) — > (w,w). Under the non-relativistic scaling symmetry 
with exponent z such that w — > \ 2 ~ z ,w — > X z w, this operator scales as: 

O h ~ h (w, w) -+ X- h ^-~ hz O h - h (X 2 - z w, X z w), (4.47) 
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and thus the non-relativistic scaling dimension is 

A nr = h{2 -z) + hz. (4.48) 

Non-relativistic scale invariance constrains the two point functions to be of the form 

(O Ani (w,w)O A ,j0,0)) = -^l^yj W, (4-49) 

where f{X) is an arbitrary function of the scale invariant quantity 

X = w~ z w 2 - z . (4.50) 

Note that for general z operators of different scaling dimension are not precluded from 
having a non-zero two point function, although when z = 2 the additional special conformal 
symmetry ensures that the correlator is only non-zero when A nr = A' nr . 

Consider now the 2-point function (|4,17p of an operator O h ^ in a relativistic CFT. A 
simple computation shows that it can be written in the form (|4.49p with the non-relativistic 
dimension A nr = A^ r given in (|4.48[) and f(X) = coX 2h ' z . Using conformal perturbation 
theory, the leading correction to this two point function is given by 

5(O h - h (w)O h -JO)) ~ - bp ' q - h [ d 2 y (- v ) ■ (4.51) 

hM 1 hM " w 2h -Pw 2h -iJ \(w - y)PyP(w - y)iyi J v ' 

Consider the case where the deforming operator y P) q has integral spin, i.e. p = q + n with 
n an integer. Then the (renormalized) correction can be written as: 

bp, " — (-1)" Tiq) \o d 2 w n I cPyK ( 1 l — T -) K ( -j^ . (4.52) 

™ w 2h-q- niD 2h-q K ' T(q + n) 2 w J y \\y-w\ 2 <i) \\y\ 2q ) 

When q is not an integer computing the integral leads to: 

, +1 r(l-g) 2 r(2g + 2n-l) 1 u ,^ 

1 J T(q + n) 2 T(l-2q) °™ ^h+n+p-l^h+P-l ' { M) 

This implies that the two point function to first order in the deformation can be written as: 
(O h:h (w,w)O h:h (0,0)) = -l— f -{co + ab M w l - p w 1 -' 1 ), (4.54) 

* (co + ab m X^/A , 



where a is a numerical constant and (|4.43[) is used in the last equality. Thus, the two point 
function indeed preserves non-relativistic scale invariance at this order, with the two point 
function being of the form (|4.49[) with the same values of A nr = A^ r (given in (|4.48|) ) and 

f(X) = X 2h / Z [c + ab p , q X^l z ) (4.55) 
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One can also understand why the corrections must behave as b p ^ q w l ~ p w 1 ~ q as follows: the 
deformed action will remain invariant under the original dilatation symmetries provided 
that the coupling b p ^ q is also transformed. In particular, under the scaling z — > Xz the 
deformation to the action is invariant provided that b Ptq — > \ q ~~ 1 b Ptq . Since the corrections 
to the correlation functions respect this symmetry they must be organized in powers of 

For integral q the analysis is more complicated as we need to use the renormalized 
expressions for the distributions, and we obtain instead for the integral: 

(-ir27T r( ^ n)2 6 P X W agT 2 (\w\- 2 Hm 2 \w\ 2 )) , (4.56) 
which gives a correction to the two point function proportional to: 

b ^ w 2 h+ (P-i)^- h+ ( q -i) Hrh 2 \w\ 2 ), (4.57) 

with fh? a rescaled mass scale. This implies that the two point function to first order in the 
deformation can be written as: 

(O h - h (w,w)O hrh (0,0)} = -^(c^ + ^^^-rt^^ln^Vl 2 )), (4.58) 

— (co + Pbp^-^Hrh 2 ] 



( ,.2/,„.2/, ' ' ;/ " lwl 

where /3 is a computable numerical constant and (|4.43p is used in the last equality. Note that 
the correction to the two point function preserves the z = 2 non-relativistic scale invariance 
when q = 1 for any p. In this case not only f(X) but also the non-relativistic dimension of 
the operator get corrections and the 2-point function is given by (|4.49j) with 

f(X) = Ar-^^co + ^Af^/'Mm^-V^+O^); (4.59) 
A nr = A^ r = h(2-z) + hz-pb p , q X<r-i)/z + 0(^ q ). 

When z = 2, namely the deformation is by a (p, 1) operator, the scale invariant quantity X 
depends only on the coordinate v and one can check that these formulas reduce to the ones 
we presented in the previous subsection. 

4.5 Massive vector model with z = 2 

The specific case of a deformation by a (2, 1) operator corresponds to the z = 2 massive 
vector model. The above considerations indicate that generically under such a deformation 
operators will acquire anomalous dimensions depending on the lightcone momentum as 
functions of b% \k v . 
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In the bulk calculations in later sections, we will focus on scalar operators dual to 
minimally coupled scalar fields, as well as the operators dual to the bulk metric and massive 
vector field. We indeed find that such scalar operators and the vector operators acquire 
anomalous dimensions, and that these anomalous dimensions are functions of (&2,i^t>) 2 - We 
can understand the latter straightforwardly as follows. If one considers scalar operators 
dual to minimally coupled scalar fields in the bulk, the three point function between two 
scalar operators and the vector operator necessarily vanishes. It vanishes because minimally 
coupled implies that there is no three point coupling between the bulk scalar fields and 
vector field: the bulk action under consideration is 

S = J d d+1 x^(R - 2A - ^F 2 - ^m 2 A 2 - ^(d$) 2 - ^m|$ 2 ). (4.60) 

Expanding the field equations to cubic order in fluctuations couples the scalar to the vectors 
via the metric, and thus there is generically a non-trivial four point function between two 
scalars and two vectors. The first correction to the scalar two point function therefore 
follows from this four point function between two scalar operators and two insertions of the 
vector operator. The leading correction will hence occur at order (62, ikv) 2 , but to compute 
it via conformal perturbation theory we would need to know the explicit form of the four 
point function (since it is of course not completely determined by conformal invariance). 
The bulk action implies that only correlation functions involving two scalars and an even 
number of vectors is not zero, and therefore subsequent corrections should be organized in 
powers of (£>2,i&u) 2 - Indeed this feature is seen in the holographic dual in section [6j along 
with the stronger result that the anomalous dimension resums into a closed form. It would 
be interesting to derive the latter result from a null dipole realization. 

A similar story holds for the deforming vector operator itself: the action implies there 
is no cubic coupling between three vectors, and thus the three point function between three 
vector operators is zero. Since the bulk action (|4.60p is quadratic in the massive vector 
fields, only correlators with an even number of vector operators are non-zero, and thus that 
the corrections to the vector two point function in the deformed theory should be organized 
in powers of (b2,ik v ) 2 . 

Let us now consider the scaling dimensions of the vector operator (in d = 2). Consider 
first the theory at 62,1 = 0. The mass of the bulk vector field is such that it corresponds 



4 Strictly speaking, the vanishing of the bulk three point coupling does not always guarantee vanishing 
of the corresponding three point function, see |45l 146] . The boundary counterterms required by holographic 
renormalization can induce non-zero three point functions even when the bulk coupling is zero; this happens 
for extremal correlators, but none of the correlators discussed here is extremal. 
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to a vector operator of dimension three in the dual conformal field theory. Splitting the 
vector operator into holomorphic and anti-holomorphic components, one sees that there is 
a (2, 1) operator X v and a (1,2) operator X u . Since in the conformal field theory the two 
point functions are: 

{X v (w,w)X v (0,0)) = (X u (w,w)X u (0,0)) = -^r, (4.61) 

with cx normalizations, the scaling dimensions with respect to the Schrodinger symmetry 
are: 

A S (X V ) = 2; A S (X U ) = 4. (4.62) 

This is in agreement with the non-relativistic scaling dimensions of the source and vev 
coefficients found holographically in (j8.31|) . Switching on the deformation by the operator 
X v , we expect that the scaling dimensions of both X u and X v at non-zero k v are corrected, 
with the corrections being organized in powers of (b2 : ik v ) 2 . The holographic calculation of 
section [8] gives explicit expressions for these scaling dimensions at finite 62,1- Just as in the 
case of TMG, the dimensions are expressed as a square root, with the dimensions of both 
operators being greater than two, at non-zero k v . 

4.6 Higher spacetime dimensions 

There has been considerable interest in using massive vector models in dimensions higher 
than three to model non-relativistic theories. As explained in subsection 13.11 to leading 
order in b the standard AdS/CFT dictionary implies that switching on b corresponds to 
switching on a source for a vector operator X a of dimension 

A v = d + z-l (4.63) 

in the (i-dimensional dual CFT, i.e. 

Soft -> Soft + J d d xbX v . (4.64) 

Corresponding type IIB and eleven-dimensional supergravity solutions for general z are 
given in [30J. In this section we will focus on the case of z = 2 in dimension d, and discuss 
the leading corrections to operator correlation functions in the deformed theory. As already 
mentioned, the leading corrections to the deforming operator itself and to scalar operators 
dual to minimally coupled scalar fields occur at order b 2 , and are derived from four-point 
functions in the conformal theory. 

Corrections at order b can however occur for complex scalar operators as these can 
have non-zero three point functions with the deforming vector operator. Let us consider a 
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complex scalar operator O with dimension A in the original conformal field theory. It has 
a two point function in the conformal field theory given by 

(O(x)O(O)) = (4.65) 

where ca is the operator normalization and we are working in Euclidean signature. Noticing 
that 

\x\ 2 = ww + x l X{, (4.66) 

we see that the operators are also primary from the perspective of Schrodinger symmetry: 
under w — > X 2 w, x % — > \x l with w invariant, the operators scale with non-relativistic scaling 
dimension A s = A. 

Next consider the correction at first order in b to this two point function in the deformed 
theory (I4.64p . The leading correction to the two point function is: 

<<5(z)0(O)> = b J d d y(O(x)X v (y)O(0)). (4.67) 

This can be computed by first noting that three point functions between a complex scalar 
and a vector are fixed by conformal invariance to have the form (derived holographically in 

BE): 



\x — z| 2A+1 ^ v \x — y\^ v 1 \y — z\^ v 1 \ \x — y\ 2 \z — y\ 2 

(4.68) 

where C is a (real) normalization factor. 

As in the previous sections, the expression for the three point function needs to be 
regularized to take into account contact term contributions to the integral. In the case of 
z = 2 the deforming vector operator has dimension A^ = d + 1. Using this fact, the three 
point function can be rewritten as: 



i.ovtx'WW) = (^irHp + W^W d "W ' ' (469) 



In differential regularization one replaces l/|x| by the well-defined expression: 

k(J-)= -}—n T -^ ( ln(m 2 |d 2 ) + -r^rV (4.70) 

\\x\ d J 2(d-2) \x\ d - 2 \ v 1 lJ d-2J' v 1 

which is the generalization of (|4.22|) to arbitrary dimensions d > 2. (The last term in (|4.70p 
is scheme dependent.) Then the leading correction to the two point function is: 

5{6{x)0(Q)) = -^^-^Cd w I d d y!Z ( Jjj) Tl ■ (4.71) 
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The integral can be computed analogously to the two dimensional case via the convolution: 

ddyU (w) n il^w) = Wf I <f, * e **^^' (4 - 72) 

where 

rd -ikx-r, ( 1 A 27T d//2 i_/il|2/..2 



with /i 2 = 4m 2 exp(^(l) + - 1)). Note that in d = 4 this reduces to fi = 2m/ 

since the Euler constant 7' = exp(— ^(1)) = exp(7). To derive this formula, one can use 
the expansion of the identity (I4.30P with 2A = d — 2 — 2a: 

d d xe-^j^(rn\x\r = ^^ ^J^YT a) l^^l A")' 2 " ( 4 ' 73 ) 
in powers of a. Equating terms at each order in a results in the identities: 



/ 



d -tk-x 1 ^ d ' 2 

d xe 1 ^ = |fc| 2 r(d/2-i) ; (474) 



^,^1 - __^_ ln(IW); 

/Ae _, s!2 W) _ _^( taW) + ^_ wP)W2 _ 1) ), 

where \l/( m )(x) is the polygamma function, the (m + l)-th derivative of the gamma function. 
These identities generalize similar ones for d = 4 derived in |39j . 
Using the third of these identities we note that 

MwMra) (4 - 75) 



7T 



d/2 



(d-2) 2 T(d/2 
Note however that away from x = 0, 

,2/^,2|„|2 



if^U (ln 2 (m 2 N 2 )-y + ^ (1) W2-l)). 



D 1^-2' } ) = j^jd ( 4 ( d " 2 ) M»» 2 M 2 ) + 8(3 - rf)) , (4.76) 



and therefore the leading correction to the two point function has the form: 



^( x )°^) = 7^ + ^ W A^d^ 



^ln(M 2 |x| 2 ; 



(4.77) 



where M is a rescaled mass scale and c\ is a real numerical constant proportional to the 
three point function constant C: 

8vr d / 2 

Cl = ^-2)rW2-i) a (4 ' 78) 
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The corrected two point function can be rewritten as: 

( ln(M 2 |x| 2 ) 



K 



UI2A 



(4.79) 



where M 2 = M 2 exp(l/A — 2/d). In the case where A is non-integral, the Fourier transform 
is: 

(0(k)0(-k)) = c A ^/ 2 2^ r( ^ A) A) |fe| 2 ^ (l + ^kbc, ln(\k\ 2 /^ , (4.80) 

where k is the momentum conjugate to w. (When A is integral we need to Fourier trans- 
form the renormalized expression, which can be done analogously to previous sections.) 
Analytically continuing back to Lorentzian signature, the time-ordered correlator is 

(TO(k)0(-k)) = c(2k u k v + fcjjfe* - ie) As ~ d/2 , (4.81) 

where c = Cj\ir d / 2 2 d ~ 2A T(d/2 — A)/r(A) in the renormalization scheme where jl 2 = 1. The 
scaling dimension A s is to leading order in b given by: 

1 4vr d / 2 C 
A, = A + 7 , 1= - {bK ) w - wm - T) (482) 

and the anomalous dimension hence depends on (bk v ). 

To describe the theory at finite b the null dipole picture should be of use: in the context 
of the S 5 reduction of type IIB, the dual theory should be the null dipole deformation 
of Af = 4 SYM. In this case the global R symmetry charges are used to determine the 
dipole vectors of the various fields as follows. Choose a constant element B E sit (4), where 
su(4) is the Lie algebra of SU{4). Then denote the elements of B in the 4 representation 
as Ujj,, where j,k = l,--- ,4, and denote the elements of B in the 6 representation as 
the antisymmetric matrices M/j, where J, J = 1, • • • ,6. Let u l j be an eigenvector of Mjj 
with eigenvalue L\. The M = 4 SYM complex valued scalar fields = are then 

assigned (null) dipole vectors L/. Similarly the fermionic fields are assigned dipole vectors 
determined by the eigenvalues of the matrix U^. 

Suppose for example one chooses Mjj such that only M\2 = —M21 is non-zero. Next 
complexify the six scalars into three complex scalars with a = 1, 2, 3 where $J = < 3? 1 +i < I ) 2 
and so on. Then &l has non-zero dipole charge, given by L M = —ibS^u, while the other two 
complex scalars have zero charge. The dipole product (I2.14p can be expanded to leading 
order in b as: 

§1 * $y = $1 + $1 + 6(d„$i$ 2 - 0„$ 2 $i) + • • • ( 4 - 83 ) 
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The analogue of the Seiberg-Witten map in this case relates fields in the dipole theory 
to fields <£ in the ordinary theory as: 



Substituting into the M = 4 SYM action and expanding to leading order in b u results in: 



where the vector operator transforms as the 15 of the SO(6) R symmetry group and 
has the form: 



Here I , J = 1, ■ ■ ■ ,6 are R symmetry indices, is the covariant derivative with respect to 
gauge fields of the field strength and square parentheses denote antisymmetrisation. 
The ellipses denote fermionic terms. At linear order in b the null dipole theory is indeed 
equivalent to a deformation of M = 4 SYM by a constant null source b for an operator 
of relativistic dimension (d + 1) = 5. This operator however has Schrodinger dimension 
four, using the fact that A S (A V ) = whilst A s ((//) = A S (A U ) = A s (Ai) = 1. Expanding 
to higher order in b will lead to a series of deformations respecting Schrodinger symmetry. 
Note that the amount of supersymmetry preserved by the dipole deformation depends on 
the explicit choice of Mjj. 

It is important to note that all these deformations are marginal with respect to the 
Schrodinger symmetry. This immediately follows from the fact that every term in the 
null dipole product of any two fields has the same Schrodinger dimension, even though 
the relativistic conformal dimensions of the terms are different. One can see this property 
in (|4.83p . since a term at order b n involves n derivatives in the v direction, which leaves 
the Schrodinger dimension unchanged but increases the usual dimension. More generally, 
the product of any two fields (3> gi , 3> g2 ) with dipole charges L\ = —in\b and L2 = — 
respectively, in k v momentum space is: 



§ q Aklu,x l )*$ q2 {klu,x*) = e lb ^- n ^ (4.87) 



with the dipole dependence contained in the phase factor, which is invariant under Schrodinger 
transformations. 

Given that the series of deformations considered here is expected to resum into a null 
dipole theory by the analogue of the Seiberg-Witten map [32j . one might ask what this 





(4.84) 




(4.85) 




(4.86) 
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implies for the renormalizability and unitarity of the theory at finite b. This question 
has not been explored in previous literature, although it has been argued that analogous 
theories with light-like noncommutativity are well-defined, despite the non-locality in one 
null direction |34j . The reason is that lightcone quantization in which the other (local) 
null coordinate is treated as the time coordinate results in a lightcone Hamiltonian which 
is Hermitian. Naively at least the same argument would apply also to null dipole theories, 
since they are local in the (u,x l ) coordinates. 

4.7 Stress energy tensor 

Next we turn to the stress energy of the deformed theory. It is useful to start the discussion 
by considering again a simple explicit model which is Schrodinger invariant: 

S = J d 2 x (d u $d v <$> + bd u $(d v <5>) 2 ) . (4.88) 

This model exhibits the Schrodinger group of symmetries (|1.2p presented in the introduction. 
Let us now consider the Noether current J 1 for each symmetry Q. For H the corresponding 
symmetry current is: 

U u = 0; H v = (d„$) 2 (l + 2bd v $>). (4.89) 
For M the symmetry current is: 

M u = (c^) 2 (l + &($,*)); M° = bd u $(d v <S>f. (4.90) 

The dilatation current is: 

V u = 0; V v = u(<9 u $) 2 (l + 2bd v $), (4.91) 
whilst the special conformal current is similar: 

C u = 0; C v = u 2 (<9 u $) 2 (l + 2bd v <S>). (4.92) 
The currents are conserved onshell because of the field equation: 

d u d v $ + bd u $dl<$> + 2bd u d v $d v <5> = 0. (4.93) 

Usually the currents associated with (conformal) isometries can be expressed in terms of a 
symmetric conserved (traceless) stress energy tensor T^- as 

ji = T i j( -Q ( 494 ^ 

where is the vector field generating each symmetry, i.e. Sqx 1 = — C® 1 . 
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In the case at hand the symmetry currents can all be written as J 1 = t^C^ where the 
tensor tij is: 

tun = (d u <S>) 2 (l + 2bd v $); t vu = 0; (4.95) 

t uv = bd u <5>{d v <5>) 2 - t vv = (d v $) 2 (l + b(d v $)). 

Under the dilatation symmetry u — > \ 2 u the tensor tij scales as: 

tuu ^ X t UU} tuv ^ ^ t UV} t vv y X t vv . (4.96) 

This tensor is conserved but it is not symmetric and it is not traceless. The latter implies 
that the theory is invariant only under chiral dilatation invariance, rather than the corre- 
sponding anti-chiral dilatation invariance. In a relativistic theory one can always find an 
improvement term 9{j = d l Ynj, where Yuj is antisymmetric in its first two indices, such 
that = + Oij is symmetric. In the example at hand one can easily prove that such 
improvement tensor does not exisj^. This illustrates a general result: 

Any theory in Minkowski spacetime that possesses a conserved, symmetric stress energy 
tensor is Lorentz invariant. 

This can be shown as follows. Minkowski space has an isometry corresponding to Lorentz 
transformations with Killing vector £ l = WijX 3 and ujij antisymmetric. Using one can 
construct the corresponding conserved Lorentz current, 

4 = T^ jk x k (4.97) 

This is conserved because 

diJl = {d l T i ^)ujj k x k + T^Uij = 0. (4.98) 

For the Schrodinger theory, invariance under translations implies the existence of a con- 
served stress energy tensor. However, this must be non-symmetric because otherwise the 
theory would be Lorentz invariant. 

When one couples a theory which is Lorentz invariant to background gravity the sym- 
metric and conserved stress energy tensor arises from the variation of the action with respect 
to the metric. In a non-Lorentz invariant theory one can couple the model to background 
gravity using vielbeins. The coupling to gravity amounts to replacing curved indices by 
flat target indices using vielbeins, i.e. Ai becomes e™^4 m , where m is a curved space in- 
dex. The fact that the underlying theory is not Lorentz invariant means that some of the 



5 Assuming Y to exist one obtains from T uv = T vu and (14795]) that bd u $(d v $) 2 = d v Y vuv - d u Y uvn 
should hold. This equation, however, does not hold as the deformation is not a total derivative. 
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tangent space indices are open, i.e. not contracted. In this case the non-symmetric energy 
momentum tensor will naturally emerge from the variation of the action with respect to the 
vielbein. 

For the toy model given above coupling to the vielbein gives 

S = J d 2 xe (e mi e?d m $d n <S> + be%e%4(d m <S>)(d n <S>)(d p <S>)) = J d 2 x eC, (4.99) 

where e is the determinant of the vielbein and the tangent space metric is <7y = T/y such 
that rjnQ = 1. For clarity the tangent space indices are denoted {u, v). Defining: 



(4.100) 



gives: 



t mn = dm®d n <5> - g mn C + b (eune&l + 2e£ n e?e?) d m $0 p $d 9 $, (4.101) 

which in a flat background in which g mn = r] mn reproduces the tensor ty above. The 
simplest way to show that t mn is conserved is the following. Pulling t mn back into tangent 
space reproduces £y; the latter is manifestly conserved using the field equation: 

+ D 6 (b(d^) 2 ) + 2D e {bd^d^) = 0. (4.102) 

Since 

D m t mn = D m (e i m 4 l t ij ) = eiDHij, (4.103) 

conservation of the pulled back tensor tij implies conservation of t mn . 

To summarize, there are two related stress energy operators in the deformed field theory. 
The first is the symmetric tensor which couples to the metric, but is not conserved in 
the deformed theory at finite b. The second is the operator t mn that couples to the vielbein, 
which is not symmetric but is conserved. It is the latter operator which is natural in the 
deformed theory, and thus in the holographic analysis one should trade metric fluctuations 
for vielbein fluctuations. In other words, one should specify boundary conditions for the 
vielbein, rather than the metric; this point was noted in |18j . 

It is interesting to connect this discussion with the conventional description of non- 
relativistic theories. Suppose one formulates a Schrodinger invariant theory in (d — 1) 
dimensions, with background coordinates (u, x l ). Then, the natural operators are the energy 
current £ with components (£ u ,£i); the mass current p with components (p u ,pi) and the 
(symmetric) stress tensor 7Tjj . In the (i-dimensional realization of the Schrodinger symmetry 
discussed here, the operator t mn should include these operators. It will however also include 
additional operators associated with the extra lightcone dimension, which are not usually 
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discussed in the lower dimensional realizations. These extra operators are necessarily present 
because the Schrodinger theory is obtained via a deformation of a relativistic theory in d 
dimensions. 

Before leaving the field theory discussion, it is also useful to summarize which operators 
are expected to be marginal, irrelevant and relevant in the deformed Schrodinger invariant 
theory. In the cases of both TMG and the massive vector, the operator which deformed the 
theory to Schrodinger is irrelevant at finite k v ; its scaling dimension in both cases is given 
holographically (for d = 2) as: 

A s = 1 + y/1 + b 2 kl (4.104) 

In the massive vector case the dimension of the other vector operator X u is such that it is 
also irrelevant for non-zero k v . Therefore these operators are all irrelevant in the Schrodinger 
theory, except for the deforming operator itself with k v = 0. 

Now consider the stress energy tensor Tjj, at 6 = 0. The non-relativistic scaling dimen- 
sions of its components are: 

A S (T UU )=4; A S (T UV ) = 2; A S (T VV ) = 0, (4.105) 

and thus the components are irrelevant, marginal and relevant, respectively. Away from 
6 = this is not the conserved operator, but the components of Uj have the same scaling di- 
mensions, see (|4.96p . and these are protected. Thus from the perspective of the Schrodinger 
symmetry group, the operator T uu is irrelevant. 

Since the operators X vv (k v ), X v (k v ), X u (k v ) and T uu are irrelevant, switching on finite 
sources for these operators in the deformed theory would be expected to change the UV 
structure of the theory. Correspondingly, in the holographic dual, finite sources for these 
operators would be expected to change the asymptotic structure of the dual spacetime. In 
the subsequent sections we will consider solutions of the bulk linearized equations, and we 
will indeed see the bulk fields dual to these operators blow up faster at the boundary than 
the background, demonstrating the fact that these modes change the asymptotic structure 
of the spacetime. 

5 TMG and the null warped background 

In this section we consider TMG and the null warped AdS% background in more detail. The 
results presented below will provide a basis for the holographic computation of correlation 
functions in the next sections. In subsection 15 . 1 1 we investigate the variational principle for 
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TMG for finite values of the cutoff. In subsection 15.21 we consider the dilatation operator 
for linearized fluctuations around the null warped background. 



5.1 The variational principle for TMG 

In this subsection we analyze the variational principle for TMG for finite values of the 
cutoff. Recall that for ordinary Einstein gravity such an analysis results in the addition 
of the Gibbons-Hawking term to the Einstein-Hilbert action. For TMG the corresponding 
variational principle is worked out in detail in this section. Note that the results in this 
section are completely general and independent of the choice of background metric. They 
can therefore also be used to obtain, for example, the correct on-shell action for black hole 
solutions in TMG. 

We begin by decomposing the background metric in a radial ADM form: 

ds 2 = N 2 dr 2 + j ij (dx i + N i dr)(dx j + N j dr). (5.1) 

The connection coefficients are then given by: 



r; r = — + rfBi Y\ r = j ik Ni - iVT; r - N 2 B l - F\N j 

A ' ' 

F% = F/ - N% ^ = ^ K v ( 5 - 2 ) 

Ki = Bi r} fe = r} fe [ 7 ]-liv%- fe 

where we defined: 

Fij = ViNj - NK l3 , Bi = ^(diN + K i:j Ni ) . (5.3) 

A dot denotes a radial derivative. Indices are raised with 7 y and ejj and covariant derivatives 

Vfc are defined using 7^ as well. Henceforth all are those associated to 7y. In our 
conventions the extrinsic curvature is given by: 

Kij = — (ViNj + VjNi - 3 rli j ) . (5.4) 

We henceforth suppose that A > 0. The Einstein-Hilbert action plus Gibbons-Hawking 
term then becomes: 

Seh = y^g^ j ^V^NiRfr] -2A + K 2 - K i3 K l i). (5.5) 
The Chern-Simons action becomes: 



+ N l [V k (K?K 3l ) - 2K kl V,Kf + l -e t k d k R] - l -T k u d r T l 3k 



2 1 ' 2 
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(5.6) 



plus a radial boundary term of the form f d Xy/—ye ij K ik (djN k )/(2N) which vanishes once 
we gauge-fix N k = below. Here spatial total derivatives have been omitted. This ADM 
form of the Chern-Simons action was also found in [48(. H9l I50|. 

The Chern-Simons action can be manipulated as follows. First of all, we define A kl via: 

d 3 x^e^F k d r T l jk = J d?x^A kl ^ kl (5.7) 

up to total spatial derivatives. Furthermore, the first term in (|5.6p can be rewritten. To 
this end we decompose the extrinsic curvature as: 

Kij = kij + k{j + 2^Tij (5-8) 



with: 



k = j ij Ki 
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kij = Pi k (K kj ~ 2&7fc;) = g (** + ^)i.K kj - -k lkj ); (5.9) 
kij = Pi k (K kj - -hykj) = \{$i ~ e k ){K kj - -k lkj ). 
Notice that kij and kij are symmetric, traceless and chiral (or antichiral), so: 



1 ^ kij — 0, kij — kji, Pi k k j — 0; 



(5.10) 



H ^ kij — 0, kij — kji, P^ k k j — \j. 

These equations imply that kij and kij each have a single independent component. Using 



5.8j) we may rewrite: 



J d 3 x^fe ij K k K kj = J d 3 xv / =r( - 2k{d r k k j - N l Vi{k? k k k j) 

+ NKk[k k ^ + J d 2 x^k{k k . 



(5.11) 



The last boundary term should be canceled by a boundary term in the action. 

We now regard kj, kj and k as independent variables, together with 7^, N l and N. On 
the other hand, Kij should henceforth be understood as in (|5.8j) . We need to introduce a 
single Lagrange multiplier IT 3 enforcing (j5.4|) : 

J d 3 xV^fH ij {iij + 2NKij - ViNj - VjNi). (5.12) 

The combined action S consists of the Einstein-Hilbert term, the Chern-Simons term, the 
constraint (|5.12p and two boundary terms: the Gibbons-Hawking term and a new term that 
cancels the last term in (|5.1ip . The total action then becomes: 

S = J d 3 x^( - h{d r k k + (IP* - ^ k )<y jk + NH + N l ri) (5.13) 
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with: 



1 . O _ . 1 T- I- » , . n ri» U . 2 ; , . „■ -„• 1 



n = R[j] - 2A + ^k 2 - 2k$j + 2U){kj + kf ) + U k k k + -V k Vi{kl - k\) + -kW k k k 



Vi = 2V i U ll + - 



1 



Vi(fiM) + eVVkiKfKji) - 2eVK kl ViK* + -e t k d k R . (5.14) 



The variation of the action is given by: 
1 



5S 



J d 3 x(eom) + J d 2 xV^/( ~ ^k{5k k + (W k - ^ k )&y jk J\ (5.15) 



167rGiv 

so we find a well-defined variational principle if we define 7y and &j as the boundary data. 
Notice that we may also lower the index on k\ since using k\j = k k j k j rather than k\ is a 
simple change of variables that does not affect the variational principle. 

Below we will need to evaluate the first variation of the on-shell action and we therefore 
need the on-shell expression for Iljj. This can be obtained by varying the action (|5.13|) with 
respect to kij, kij and k. In the gauge where N % = and N = N(r) (which we use below) 
we obtain: 

1- - 1 1 -» 1 - 

Iljj = ^jy^ r (^y — ~ r yij\~2^' ~2^l ^fn) '2~^$*3 ~ ^j) - (5.16) 

The other equations of motion combine to (j2.4f) and (|5.9p with (|5.4p . as expected. 

5.2 The dilatation operator in the null warped background 

A convenient way to obtain the correct counterterms in the usual AlAdS backgrounds is the 
radial Hamiltonian method |37|, 138] . In this method one expands the conjugate momenta 
to the bulk fields in terms of eigenfunctions of a covariant dilatation operator, denoted 5u, 
which is asymptotically equal to the radial derivative. 

As an example, consider a [d + l)-dimensional asymptotically locally AdS background 
of the form: 

ds 2 = df 2 + ^fijdx l dx^ jij = e 2r g^ij + . . . (5-17) 

where f is a new radial coordinate relative to (13. lft : r = e~ r so the boundary is now at 
f — > oo. To keep the notation uncluttered in this and the following section the coordinate f 
will henceforth be denoted as r. In anticipation of what follows we also consider a massive 
symmetric transverse traceless second rank tensor, satisfying 

(V M V^ + (2 - m 2 ))^ = 0, ^ = V M ^ = 0, (5.18) 

where m 2 = A (A — d). This field is dual to an operator of dimension A. In a spacetime of 
the form (I5.17P the symmetric tensor has a radial expansion which to leading order has the 
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form: 

^.(r,x i ) = e( A - d )> (0) ;. + ... (5.19) 

Consider now an object like the regulated on-shell action S for this configuration. It is a 
functional of the boundary data for the fields at the cutoff surface, so we may write: 

( 5 - 2 °) 

where it is understood that 7^ and are the induced fields on the cutoff surface. Since 
the action does not depend explicitly on the radial coordinate r, its radial dependence is 
inherited completely from the radial dependence of 7^ and For its radial derivative we 
may therefore write: 

where a dot denotes a radial derivative. Asymptotically we may use (|5.17]1 and f|5. 19j) to 
find that: 

d r ~ J d d x 2y i3 ~ + J d d x (A - d)*}^ = &d (5.22) 

at least when acting on a functional like the on-shell action. The tilde symbolizes equality 
up to terms that vanish as r — > 00. The functional operator 5x> is precisely the field theory 
dilatation operator and this relation between the radial derivative and dilatation operator 
reflects the fact that the RG scale becomes geometric in gauge/gravity duality. This relation 
is useful for the renormalization of the action in the following way. Normally the divergences 
in the bare on-shell action are organized in terms of degree of divergence, i.e. in terms of 
a power series in e r . However we may also organize these terms in terms of eigenfunctions 
of the dilatation operator 5t>- Just as in the ordinary method the equations of motion are 
then used to determine the exact form of this expansion. The advantage of expanding in 
eigenfunctions of 5x> is that 5d is fully covariant and as a consequence the divergences will 
be organized directly in a covariant expansion as well. This greatly simplifies the analysis of 
the counterterms which one can essentially pick to be (minus) the divergent components in 
this expansion. We will see an example worked out below. (In the presence of a conformal 
anomaly this story is altered somewhat as we will also demonstrate below.) 

Let us now formulate a similar operator for the null warped background. For con- 
creteness we are working in TMG; the analysis for the massive vector model is completely 
analogous. 

For TMG the on-shell action S depends not only on the induced metric 74,- but also on 
a component of the extrinsic curvature fe*-. For the on-shell action we therefore write this 



43 



time: 

S[li 3 M\- (5-23) 
For the radial derivative on such a functional we find: 

d r = [ d 2 x^~ + [ d 2 xti i -i- (5.24) 
J J Hj J bk\ 

Now, for the AlAdS spacetimes we substituted at this point the general leading-order radial 
behavior of the fields (given in (|5.17|) and (|5.19|) ) to obtain a covariant dilatation operator 
which was valid for all AlAdS spacetimes. On the other hand, for the null warped case we 
do not have a precise definition of an 'asymptotically null warped spacetime' and we do 
not know what the leading-order behavior of the fields for the general solution should be. 
Therefore we will from now on narrow down our analysis to a specific class of solutions. 
Specifically, the analysis below is valid for solutions that asymptote to the null warped AdS 
solution (|2.5p . The null warped background metric can be written as: 



ds 2 = dr 2 + -)ijdx l dxi jij = Qj + bij (5.25) 

where we introduced 

Q j dx i dx j = e 2r 2dudv b ij dx i dx j = -e 4r b 2 du 2 (5.26) 

Notice that Cij is simply e 2r rjij and in particular is not equal to the induced metric jij on 
slices of constant r. On this background we find that 

K ij = = Hi + b ij {5.27) 

from which it is easy to find that = bij (in conventions where \/—je uv = +1) and 
therefore: 

H = l jk b ki = -e 2r b 2 5?5i. (5.28) 

Note that k\ is a second rank symmetric transverse traceless tensor that satisfies (j5. 18H for 
d = 2, A = 4 in an AdS% background. 

Let us now go back to (15.240 . Using the above asymptotics we obtain 



d r ~ / d 2 x (2 7 y + 2%)— + J d 2 x 2k{^j (5.29) 



Let us further change variables from (jij,^) to (Qj,kj). This yields 

5 -j 5 



d r ~ / d 2 x \ 2CijJr- + 2^'4t j = St> (5.30) 
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which is precisely the dilatation operator that corresponds to a deformation of the CFT (on 
2d Minkowski spacetime) by a dimension 4 operator, cf (|5.22p . 

The most useful representation of the radial derivative however is obtained by changing 
variables from (dj,kj) to = C k k},)- This results in 

a r ~ [ d 2 x2Q j ^ r - =8 V . (5.31) 

Note that b vv = — b 2 and b uu = b uv = 0, so after all these change of variables 

S[ 7lJ ,~k)]^S[C tJ ,b 2 ] (5.32) 

and in this functional the radial derivative is represented by (|5,3ip . We will use this form 
of the operator 5x> to organize the divergences in the next section. 

It is also interesting to use this discussion to understand how to couple a metric to the 
dual deformed theory. Recalling that the deformation is by a (3, 1) operator, a simple toy 
model that captures this behavior is the scalar field theory used in section [3) 

S = j d 2 x (d u $>d v § + bd u <S>{d v $>f) . (5.33) 

For this model the coupling to the metric is the following 

S[(, k] = f d 2 x^t[C ij d i $>d j $ + ~k){d^d k m^d m ^\ lm )} (5.34) 

Under Weyl transformations (di^dk^di^d m ^^ k ( lm ) transforms as a dimension 4 operator. 
Then 

T ti = ^=§. (5.35) 
Note that this operator is not conserved except when 6 = 0. 

6 Scalar field in the Schrodinger background 

In section |4] we discussed the effect of irrelevant deformations preserving Schrodinger sym- 
metry from the field theory perspective. In this section we holographically compute the 
two-point function of a scalar operator to illustrate the consequences of the finite irrelevant 
deformation; this computation displays the same structure as found in the field theory. For 
computational simplicity, we work in d = 2, so three bulk dimensions, but the generalization 
to higher dimensions would be straightforward. 
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6.1 Action and equations of motion 

For a massive scalar field the action is: 

s = -\j d z x^/^G(d^d^ + m 2 ^. (6.1) 

The equation of motion in the metric (|5.25|) becomes: 

$ + 2$ + - (m 2 -b 2 d 2 )<Z> = (6.2) 

where a dot denotes a radial derivative and = 2e~ 2r d u d v . This equation of motion is 
precisely the equation of motion for a massive scalar in AdS: 

$ + 26 + n f $ - m 2 $ = (6.3) 

with the effective mass squared M 2 = m 2 — b 2 d 2 which depends on the lightcone mo- 
mentumjfl If we Fourier transform <&(k u ,k v ) = J dudv exp(ik u u + ik v v)&(u,v) then the 
asymptotic solution to this equation is of the form: 

$(r, k u , k v ) = e^- 2 > (^(o) (k) + ... + e-( 2A *- 2 )> (2As _ 2) (*) + ...) (6.4) 



where here and below we drop the tilde from $ and A s = 1 + a/1 + m 2 + b 2 k 2 . For b 2 = 
one would find that A s = A with A = 1 + VT + m 2 the scaling dimension of the dual 
operator. For nonzero b 2 we shall see how A s will be the scaling dimension under the 
dilatation operator D that appears in the Schrodinger group ()1.2j) ; the fact that the scaling 
dimension depends on the lightcone momentum k v was noted previously in [HO [15]. The 
generalization to arbitrary dimensions is: 



d d 2 



Notice that A s explicitly depends on the lightcone momentum k v . The expression (|6.4p is 
valid for generic values of A s ; exceptions occur when A s E {1, 2, 3, . . .} and we discuss these 
separately below. 

At this point it is important to make a distinction between b 2 positive and negative. 
For b 2 negative (which is allowed in TMG but not in the massive vector model), there is 



6 In this paper we suppress real-time issues. In |51] it was shown that the Scrodinger spacetimes do not 
admit a global time function and it was argued that the initial value problem for (|6.2|l is not well-defined, 
unless one removes the k v = modes. In the context of AdS/CFT the proper set up to investigate the initial 
value problem is the framework of 52 . This framework was adapted to the Schrodinger case in [53], but 
the analysis for k v = is not given there. This is an interesting issue that we leave for future work. 
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a critical value of the lightcone momentum k 2 = m 2 /\b 2 \ above which the effective mass 
squared drops below the BF bound and the corresponding operator dimension becomes 
complex. For b 2 positive the effective mass squared is always positive, and the operator 
dimension grows linearly with large momentum k v . 

We now proceed to analyze the massive scalar using Hamiltonian methods of holographic 
renormalization. At a technical level the similarity of f|6.2[) with the equation of motion 
in pure AdS means that the analysis will proceed along the same lines as for pure AdS, 
but with an important conceptual difference: the counterterms depend explicitly on A s and 
therefore on the lightcone momentum k v in such a way that they are non-local in the v 
direction. 

6.2 The dilatation operator and asymptotic expansions 

The on-shell regularized action S for $ is a functional of 7^, kj and In this section we 
treat the scalar in a fixed null warped AdS background, so we may replace 7^ and k\ with 
their background values and furthermore perform a change of variables to Qj and b 13 . We 
then write: 

SOj.b' 1 .*] (6.6) 

where b vv = -b 2 . A gain, all radial dependence of such a functional resides in the radial 
dependence of its arguments Qj, b VJ and The radial derivative of S can therefore be 
written as: 



(6.7) 



S(i)(k) J v '«*(*) 

where we substituted the explicit expressions for the radial derivatives and defined II = <E». 
Notice that we are again working in Fourier space. By Hamilton-Jacobi or by explicit 
computation we obtain that: 

where I is the onshell action and we used that det(G) = det(£). From this expression it 
follows that II, just like /, can also be regarded as a functional of Qj, b lJ and $ and therefore 
the radial derivative acting on II can also be written in the form ([67 



Having found the asymptotic solution, the next step in the Hamiltonian holographic renor- 
malization is to expand the divergences in eigenfunctions of the dilatation-like operator 5x> 
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defined in (|5.3ip . We write it in Fourier space as: 

fe= / ft2c ' #) sp) + / A(A, " w) 4 (6io) 

We now want to organize II in terms of eigenfunctions of the dilatation operator 5x>- We 
therefore write: 

n = n (2 _ As) + n (4 _ As) + n (6 _ As) + . . . + n (As) + . . . (6.11) 

where by definition 

5 V U {S) = -sU (s) . (6.12) 
From (I6.4p we obtain to leading order in the radial expansion that: 

n = (A a -2)$ + ... (6.13) 

and therefore we immediately find that II(2_ As ) = (A s — 2)<3? which is in fact how we 
obtained the leading-order weight (2 — A s ) in (16. lip . Furthermore, substituting this in 
(]6.7p shows immediately that: 

d r ~ 5v. (6.14) 
To find an expression for the subleading terms we rewrite the equation of motion (j6.2|) as: 

U + 2U- k^ - (m 2 -b 2 k 2 )^ = (6.15) 

where k 2 = (^kikj = 2e~ 2r k u k v . We then replace IT with (j6.9j) . substitute (|6.1ip and use 
(|6.12p to collect terms of equal dilatation weight. This results in the following expressions 
for the subleading terms: 

%-A s ) = ^4^* 



Ufa A ^ = kt$ (6.16) 

"(6-A.) (2A s -4) 2 (2A s -6) c 



U {2m _ As) = c(m,A s )kl m -H 

where the coefficients c(m,A s ) can be determined recursively. The above expansion con- 
tinues up to the terms with weight — A s . At this order we find that the expression for n As 
is undetermined for generic values of A s , whereas if A s £ {1, 2, 3, . . .} we can only satisfy 
the equation of motion if we include in the expansion an inhomogeneous term of the form: 

n = ... + rfl (As) + ... (6.17) 

with 

fen (As) = -n (As) (6.18) 
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after which we obtain that: 

fen (As) = -A s n (As) +n (As) . (6.19) 

The equation of motion then fixes: 

fi (As) = c(A s ) k 2 ( A °- 2 $ (6.20) 

where the prefactor c(A s ) is also determined by the equation of motion. In those cases II As 
is still undetermined. 

6.3 Renormalization of the action 

The bare on-shell action has the form: 




(6.21) 



where \/ — C = e2r so i n particular it is independent of k. Substituting the expansion (16. lip , 
we find divergences that for generic A s can be removed by adding the counterterm action: 

Set = ~\f d 2 ky^C^(-k) Yl U (s)( k ) ( 6 - 22 ) 

(2-A a )<s<A s 

Notice that for b 2 = these counterterms would be local functions of the boundary data <£, 
which can be seen directly from the explicit expressions (|6. 16j) . This is of course required 
by the locality and the renormalizability of the dual theory. Transforming back to position 
space we would then find the standard covariant counterterms. To emphasize this fact we use 
the 'covariant' notation \J — £ rather than simply e 2r , even when we write the counterterms 
in Fourier space like in (|6.22p . For nonzero b 2 the explicit coefficients involving A s = 
1 + yl-j- m 2 + b 2 k 2 make the counterterms nonlocal in the -u-direction. On the other hand, 
the counterterms do remain local in the u-direction. 

We mentioned before that we need an inhomogeneous term in the expansion (|6.1ip at 
the integer values of A s . To see how this affects the holographic renormalization we consider 
the particular example where A s ~ 3. If A s is slightly less than 3, we need the counterterms: 

Sct,A s <3 = ~\j d 2 k ^=C((A S - 2)$ 2 + 2^4) (6-23) 
where $ 2 = k)®(k). At A s = 3 we need: 

Sct,A s =3 = -\ f d 2 k v^C(^ 2 + \kl& - i*** a r) (6.24) 
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and when A s is slightly bigger than three we find: 

l r _ , / _ k^ 2 \ 

= -2j dk ^( (As " 2)$ " ^4 " (2A s -6)(2A s -4) 2 ) ^ 

Of course, we may include both of the above counterterms involving in the first case as 
well, as it does not play a role when A s < 3. However, the last counterterm in the case 
A s > 3 becomes singular when A s = 3 and conversely the inhomogeneous counterterm (so 
the last term in ()6.24p is divergent for A s > 3. 

Adding (|6.2ip and (|6.22p we find the renormalized action to be: 

Sren = S hare + S ct = \ f d 2 k ^/=C$(-A0^ (A . ) (A:) (6-26) 

and the one-point function is then given by: 

„A s r ro 

{Oik)) = lim ^=t^ = lim e A ° r Il iAs) (k). (6.27) 

r— >oo v/ — f 0$(fc) r— >oa y ' 

If A s (k) is non-integral the one point function for the operator 0(u,k) can be explicitly 
written as: 

(0(k)) = -(2A S - 2)0 {2As _ 2) (k). (6.28) 

The one point function at integral A s (k) receives additional contributions. 

To evaluate the two point function, we note that the complete regular solution of the 
field equations can be expressed in terms of a Bessel function: 
92-A s mA s -l 

[ ' (6-29) 

= ^{k)e^~ 2 > (l + . . . + (|fc|/2)^- 2 Bi-Aie-(^-^ + . . . ) 

where \k\ 2 = 2k u k v and the expressions are again valid for the non-integral values of A s . 
Substituting this regular solution into (16.280 we find that: 

(O(k)) = -2(A S - l)(|fc|/2) 2A -- 2 ^~ A ^ (0) (fc), (6.30) 

and thus the two point function is given by: 

(0(k)0(-k)) = -2(A S - l)(|fc|/2) 2A *- 2 ^~ A ^ (6.31) 

(Note that this expression is not valid at A s G {1, 2, 3, . . .} where the radial behavior changes 
and logarithmic counterterms are required.) 
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6.4 Interpretation of the result 

The result (|6.3ip is of the expected form for a Schrodinger invariant theory: as reviewed in 
section HI the two point function for an operator of dimension A s should be of the form 

(O As (u,k v )O As (0,-kv)) = c As ,kMAsU~ As , (6.32) 

where c As ^ v is the normalization obtained from (|6.3ip . Recalling that the Fourier transform 
of u~ As is proportional to k^ a ~ l we see the expected behavior. The normalization of the 
correlator does not however agree with earlier computations such as [544 [55| [53] in which 
holographic renormalization was not carried out. (The form of the correlators found in these 
works otherwise agrees with that found here, see also |56[ I57j for further computations of 
correlation functions in warped Ad S3.) Already in an AdS background, i.e. 6 = 0, the two 
point functions have incorrect normalizations if holographic renormalization is not carried 
out; this incorrect normalization was pointed out in [58] and the correct normalization 
derived by holographic renormalization is given in |12j . 

Our computations also agree with the picture given in section [H In particular, the 
counterterms are nonlocal but the nonlocality is restricted to the v lightcone direction. 
Therefore it is meaningful to compute the correlation function as a function of u and the 
result (|6.32p is scheme-independent away from u = 0. 

Note that an alternative way to derive the counterterms in the case of asymptotically 
AdS spacetimes is to impose the appropriate variational problem for spacetimes with a 
(non-degenerate) conformal boundary [59]. As noted earlier, the Schrodinger spacetimes 
are outside this framework and these results do not carry over automatically. In a recent 
paper [60] the variational problem was analyzed for spacetimes with general asymptotics 
and it was found that in general non-local boundary terms may be required. In the context 
of holography, one must understand the physics behind possible non-local boundary terms, 
i.e. whether or not such non-local counterterms can be associated with a dual (non-local) 
quantum field theory. 

Let us note in addition that the counterterms are actually of precisely the same form 
as in AdS, except for the implicit lightcone momentum dependence in the quantity A s . 
Schrodinger symmetry does not enforce this; more general counterterms with arbitrary k v 
dependence would also respect the required symmetry. It seems possible that this specific 
form of the counterterms, together with the simple expression for the scaling dimension 
relative to that in the original CFT, follows from the null dipole picture. 
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7 Linearized analysis for TMG 



In this section we consider the linearized TMG bulk equations of motion around the 
Schrodinger background (jl.ip and present the most general solution of the linearized equa- 
tions. In particular, this solution contains sources for both the dual energy momentum 
tensor and for the deforming operator X vv . The general linearized solution allows us to 
compute two-point functions in the deformed field theory of both the energy-momentum 
tensor and the deforming operator X vv . To obtain these two-point functions from an on-shell 
action the usual procedure of holographic renormalization needs to be carried out. 

We should emphasize that to carry out holographic renormalization one needs to obtain 
the most general asymptotic solution of the field equations. In earlier work the most general 
solutions were not considered, but this corresponds to switching off or constraining sources in 
the dual field theory. Systematic renormalization requires the complete set of divergences to 
be isolated, and then these divergences should be canceled by appropriate counterterms. In 
the case at hand, the counterterm action would be expected to be non-covariant, respecting 
only the Schrodinger symmetry, and non-local in the lightcone direction. 

The section is split into the following parts. We first consider the linearized equations of 
motion around the null warped background and solve them explicitly. Then we substitute 
these solutions into the on-shell action, isolate the divergences and use holographic renor- 
malization to render it finite. We may then functionally differentiate this finite on-shell 
action with respect to the sources to obtain correlation functions. 

7.1 Linearized bulk equations and solutions 

In this section we consider the linearized TMG bulk equations of motion around the back- 
ground (II. ip and present the general solution. 

Background and equations of motion 

We work in coordinates in which the background metric takes the form: 

„ , ,, , v dp 2 ■ a , j , a b 2 du 2 2dudv . , 

G uu dx^dx = — 7T + "fudx dx J "fijdx dx J = ~ 1 (7.1) 

4p z J J p l p 

where p = r 2 with r 2 the coordinate appearing in equation (jl.ip . We use conventions where 
N = l/(2p) and y/—^/e uv = +1. We then find that on the background: 

k — 2 kj, j — ki j — bij (7.2^ 

with b uu = —b 2 j p 2 the only nonzero component of bij. Prom (|5.16p we obtain: 

■Kij = -jij . (7.3) 
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Finally, from (|5.7p it is trivial to see that: 

Aij = (7.4) 

on the null warped background. 

We now consider a small deformation 8G pu = H pu and we will work in a radial-axial 
gauge so that H pp = and H p i = 0. We then define hij = p5jij = pHij. We introduce the 
following notation for the first-order variation of the other fields: 

Hij = -jij + inj[h]; 

k = 2 + K[% 

(7.5) 

kij — Kij \tl\ , 

kij = hij + [h] . 

Since we work at the linearized level, iTij,K,Rij and k^ are all linear in hij. We mentioned 
below equation (|5.10p that k^ and kij have a single independent component. To see what 
this implies for their fluctuations and Rij we linearize the equations (|5.10j) around the 
background (|7.ip . This results in: 



b*_ _f 



b' 



so the independent components of k^- and Rij are k to and 

It is now convenient to express the fluctuations in momentum space as: 

/cf-k 
__ e iKu + ik v v hij{k) (78) 
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Using the equations of motion (|2,4p we then find at the linearized level: 

= 6k v k u p 2 h uv - 3k 2 p 2 h uu - 6b 2 h vv + (-b 2 k v - 3k u p)(-b 2 k v + k u p)h vv (7.9) 

+2p ((6 - b 2 kl) ph' uv - k 2 p 2 h' uu + (k 2 u p 2 + b 2 (2 + k v k u p)) h' vv - 2b 2 phi) 

= 2k v k u p 2 (b 2 k v + k u p)h uv + k 2 p 2 (-b 2 k v - k u p)h uu (7.10) 

+{-b 2 k v - k u p) (-6b 2 + kip 2 ) h vv + 4p 2 ({b 2 k v - 3k u p)h' uv - b 2 k u h' vv 

+2k v p (2h' uu + 6 2 C + pC) + b 2 (b 2 k v + k u p)h'l) 

= -2k u k 2 v p 2 h uv + klp 2 h uu + k v (<ab 2 + k 2 u p 2 ) h vv (7.11) 

+4p (-3k v pti uv + (-6 2 /c„ + 2k u p)h' vv - p(b 2 k v + 2k u p)h'l v ) 

= 2b 2 k v k u p 2 h uv - b 2 k 2 p 2 h uu - b 2 (-b 2 (6 - 6 2 fe 2 ) + 26 2 ^A; M/ o + 2k 2 u p 2 ) h vv (7.12) 

-2p (p (-b 2 (2 + 6 2 fc 2 ) + k 2 uP 2 ) h' uv + k vP 2 {-b 2 k v - k u p)h' uu 

-b 2 {-k 2 u p 2 - b 2 (-2 + k v k uP )) h' vv + 4p 2 (2b 2 K v + p (3C + 6 2 /4 3 J + p/i®))) 

= -b 2 (-12 - 6 2 A; 2 - k v k u p) h vv - 2b 2 k 2 vP 2 ti uv - Wb 2 pti vv (7.13) 

+p 2 {-k 2 v ph' uu + k u (2b 2 k v + k u p)h' vv + 4 (3p/C + ?> 2 C - b 2 ph^)) 

= -^= + 2fc 2 / l ^-2^fcX,+8rf ) (7.14) 
P 

From the trace of the equation of motion (which is R = —6) we find: 

- 2k v k u p 2 h uv + k 2 vP 2 h uu + m 2 h vv + k 2 uP 2 h vv - 4p 2 h' uv - 8b 2 pti vv + 8p 3 h'^ v + 4b 2 p 2 ti' vv = 0. 

(7.15) 

Let us consider the case where k v is nonzero. We can then use the trace equation to write 
h uu in terms of h vv and h uv and their derivatives. We then substitute this into (|7.1ip to 
find an expression for h^ v in terms of h uv , h' uv and h vv and its derivatives. Similarly, we 
can use (17. 14p to solve for h' uv in terms of h vv and its derivatives. Substituting now all 
these expressions into the first radial derivative of (I7.9D results in the ordinary differential 
equation: 

(-6 2 A: 2 - 2k u k v p)h'l v + 8phi 3 J + 4p 2 h^> = 0. (7.16) 

Having solved this equation, one can obtain the other components from equation (I7.14P and 
the trace equation. Note that 

Kv = (7.17) 

is a trivial solution of (|7.16p . Actually (|7.17p is one of the equations obtained by linearizing 
three dimensional Einstein gravity. We will call the solution obtained by solving ()7.17j) the 
'T' solution and the solution obtained from the regular non-trivial solution of (|7.16p the 'X' 
solution. We will distinguish the two sets of solutions with superscripts T and X. 



54 



The 'T' solution 

The first solution takes the form: 
;T 1 



Ku — -h(-2)uu + ^(o)«« l°g(p) + h(Q) uu + ph^y 



+ h(o) uv log(p) + h (Q)uv + ph( 2 )uv ( 7 - 18 ) 



P 

hvv = h(o)w + ph(2)i 



with: 



kv h (-2)uu = -b 2 '(k u k v h(o)w - 4/t(2)iw) fy-2)w = --^ 2 h{Q) m (7-19) 



2 





— b 2 k u h(2) vv 










h(2)uv 


= 4%) 


kyh(2)uu 








k u h(2)w 


= 7^u-R(o) 





jh (2)m (7.20) 
i^fl (0) (7.21) 
(7.22) 



and with 



^(o) — k u h(p) vv — 2k v k u h( } uv + k v h(fy uv (7.23) 



the linearized scalar curvature associated to a metric perturbation 77^ + fyo)y- 

These modes are expected to correspond to switching on a source for the energy- 
momentum tensor in the boundary theory. As already noted in the introduction, these 
solutions blow up faster at the boundary than the background metric. In earlier work, the 
boundary conditions used only allowed a subset of these solutions. For example, in the 
original paper of Son pQ, an asymptotically Schrodinger metric of the type 



ds 2 = + du 2 + 2e-®du{dv - a dv) ) (7.24) 



was proposed. (For convenience of comparison the notation here follows that of pQ.) Here 
the functions <I>(p, u, v) and ao(p, u, v) were proposed to correspond to the energy and mass 
currents of the dual field theory, respectively, and were assumed to have a finite limit as 
p — > 0. Clearly the linearization of this ansatz does not match the solutions above: the h vv 
fluctuations have been switched off entirely. Constraining the asymptotics by not allowing 
for these fluctuations necessarily constrains or sets to zero certain of the operator sources in 
the field theory; related constraints were noticed in earlier discussions of renormalization for 
Schrodinger in [T7] . Before analyzing the complete set of solutions of the linearized equations 
and setting up the holographic dictionary one cannot determine whether switching off h vv 
corresponds to switching off or constraining sources. While it would be consistent to set 
certain operator sources to zero, it is not consistent to constrain sources. It is also not 
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consistent to set the vector fluctuation to zero, as proposed in pQ; in the analysis of the 
massive vector model in the next section we will see that the linearized field equations are 
coupled, and solutions involve both metric and vector fluctuations. 

Let us also note that if the h vv fluctuations are switched off, then the remaining solution 
is asymptotically Schrodinger, in the sense that the fluctuations fall off at least as fast as 
the background as p — > 0. This connects with the discussion around (|4. 105[) : the operator 
T uu is irrelevant, whilst the other components of Tij are marginal or relevant, and (at 6 = 0) 
h(o)w acts as a source for T uu . Switching on h vv therefore seems related to switching on 
the linearized source for T uu , which would be expected to change the asymptotic structure 
of the background spacetime. 

The precise holographic interpretation of these metric modes is however rather subtle 
and will be discussed elsewhere. For now we will set all of these modes to zero, and focus 
on the second independent type of fluctuations: 

The 'X' solution 

The second solution takes the form: 

h* v = h {A __ 2s)vv p 2 ~ s iF 2 {l - s; 2 - 2s, 3 - s; ^k v k u p) + h {2s+2)vv p s+1 iF 2 (s; 2s, 2 + s; ^k v k u p) 

(7.25) 

with 

8 = \ + \y/T+&% (7-26) 

and with \F 2 the hyper geometric function. When we Taylor expand the hyper geometric 
functions around p — > we find subleading terms whose form depends on whether s S 
{1, 2, 3, . . .} or not. Namely in the first case we find, just as for the scalar field, logarithmic 
terms in the expansion. We will not treat these cases here but note that one may deal 
with them in the same way as we did in section [6j For non-integral s the subleading terms 
become an ordinary power series: 

h vv = h^_ 2s ) vv p 2 ^ s (l + ai(s)k u k v p + a 2 (s)(k u k v p) 2 + . . . + a n (s)(k u k v p) n + . . .) (7.27) 
+h(2s+2)wp s+1 {^ + Pi(s)k u k v p + (3 2 (s)(k u k v pf + ... + p n {s){k u k v p) n + ...) 

where a n (s) and (3 n {s) are rational functions of s. Their explicit form follows directly from 
the expansion of the hyper geometric function but it will not be needed here. 

To compute a two point function we also need to identify which solution is regular 
throughout the bulk spacetime. To check regularity as p — > oo we use the asymptotic 
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behavior: 



lim p 2 S \F 2 (1 - s; 2 - 2s, 3 - s; -k v k u p) 

p— >oo z 



lim p i/4 e 2^u^ J_ (2_ a )r(3-2«)f^V 7/4 + ... 

p^oo 4-y/7r V 2 / 



and we find that the divergent pieces in h^ v cancel only if we relate the two independent 
solutions as: 

(s-2)r(3-2«) {k v k u \2*-i 

h{2s+2)vv ~ ( s + i)r(i + 2 S ) \~r ) h(4 - 2s)vv • (7 - 29) 

The solution for the other components h uv and h uu can be obtained by completely 
solving the linearized equations of motions. Their asymptotic behavior as p — > takes the 
form: 



Ku = P S h( —2s)uu 

(l + ...) + p s l h {2s _ 2)uu (l + ...) 

huv = P~ S+1 h( 2 -2s)uv(l + •••)+ P S h(2s>v( l + ■ ■ ■) 

with the leading coefficients given by: 

16 2 

h(-2s)uu = 7a S ( S ~ ^)( S ~~ l)^(4-2s)w 

_ 2 (2a - 3) 

ft (-2s)iM; — ~~ (2s — 2) ( 4_2s ) OT 



(7.30) 



(7.31) 



and analogous formulas hold for the expression of h( 2 s-2)uu an d h( 2s ^ uv in terms of h^ 2s+2 ^ vv . 
The ellipses in (|7.30p represent subleading terms which have a similar form to those in h vv : 
in each case the ellipses represent an infinite power series of the form 

oo 

Y,Un(s)(k u k vP ) n . (7.32) 

n=l 

The coefficients a n (s) are again rational functions of s whose precise form is different for 
each of the occurrences of such a series in (j7.30|) . but whose values are easily calculable 
starting from the expansion of h vv . 

Using the linearized version of fj5.4j) (with N' 1 = 0, N = l/(2p)) and ()5.9[) we obtain that 
for this solution: 

k vv = 2(s - 2)h (4 _ 2s)vvP - s+1 (l + ...)- (1 + s)h {2s+2)vv p s (l + • • • ) (7-33) 
as well as: 



Kuu = JZ s2 ( S ~ X ) + 5s - 14 ) h (4-2s)vvP " 1 (l + • • • 

- A ( a - i)2 s ( s 2 _ 7s _ 8 ) ^ {2s+2)OT ^- 2 (l + . . . 
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(7.34) 



and we recall that the other components of and Kij are given in (|7.6p and (|7,7p . For tt^ 

we linearize f)5. 16j) and obtain: 

32 
3/c^ 



-t„„ - ■ -— s(6 - lis + 14s 2 - 13s 3 + 4s 4 )/i (4 _ 2s)ra/ 9 s 1 1 + 



(7.35) 



+ 3^4 (s - l)s(4s 3 - 3s 2 - s + 6)/i (2s+2)OT ,p s - 2 (l + . . . 

- 3^2 ( s - !)(- 3 " 4s + 4s ' + 2s 3 )/i(2s +2) ™P^ 1 (l + 

tt vv = ^(2s 2 - 4s - 3)h (4 _2s)wP~ s+1 (l + ■ ■ ■ 

+ ^(2s 2 -5)/i (2s+2)ra/ 9 s (l + ... 

Again the ellipses in the above five equations represent subleading terms of the form (|7.32|) 
with a n (s) calculable rational functions of s whose precise form depends on the quantity 
under consideration. 

7.2 On-shell action 

Let us begin with the on-shell action evaluated on the null warped background. We substi- 
tute the background values (|7.2p and (|7.3p in (|5. 13|) to find that the on-shell action when 
evaluated on the background takes the form: 

s ^ e= id^I d2x I P0 dp 7 (7 - 36) 

where the subscript [0] denotes the fact that this is the on-shell action to zeroth order in 
the perturbation and po is a cutoff to regulate the action. As po — > we find a divergence 
which is canceled by the counterterm: 

%ct = -^/<*W=7- (7.37) 

With this counterterm included, the combined action Sroibare + *%)],ct is finite and actually 
vanishes as po — > 0. 

We next consider the on-shell action evaluated to first order in the perturbations. We 
need to add the first-order variation of the on-shell action, given in (I5.15p . to the first-order 
variation of (|7,37p . This results in the following expression: 

%barc = f d 2 x^^-k{5k k + (-W k - ^ k + \^ k )8 ljk ) (7.38) 

where we added an extra sign with respect to (|5.15p because the radial boundary is at the 
lower end of the p integration and we have set p = 3. Substituting the background values 
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given in (|7.2p . (|7.3p and (|7.4p we find that all conjugate momenta vanish and and therefore 
/Smi vanishes as well. 

With S\o] and Shi vanishing, we conclude that the lowest-order term in the on-shell 
action is second order in the variations. From the variation of (|7.38p we find that: 

%bare = j ^X- Qk{R* - (tP** + b? k )h jk ). (7.39) 

Notice in particular that the second variation of the term J —^A 13 b^ij vanishes for our 
background, as can be directly seen from its definition (|5.7|) . 

Let us for now set the 'T' modes to zero. We then substitute the expansions for the 'X' 
modes given in subsection 17.11 in (|7.39|) to find its radial expansion: 

I r r 32 / 

5[2l ' barc = 32^7 J d2k l P ~ 2S+1 3kt { ~ 2 + + S)s2 ( " 12 + 7S + S ^ h l^)A l + • • • 

32 

- 3^i(- 2 " s + fi2 )(- 3s + 4s2 ~ 2s3 + s A )h (i _ 2s)m {-k)h [2+2s)vv {k) 

+ 0{p)] (7.40) 

where h^_ 2s s = h^_ 2 s)w{~ ^)^(4-2s)w(^)- The dots again represent subleading terms 
which take the usual form (|7.32p with certain rational coefficients a n (s). These terms are 
divergent and need to be canceled with a suitable counterterm action. The O(p) symbol 
represents the terms that vanish as the cutoff p — > 0. 

To find the counterterms one may follow the usual procedure of holographic renormal- 
ization. However we discussed above that the current framework is not well adapted to 
discuss the 'T' modes and we would therefore like to set these to zero. Unfortunately 
this introduces an ambiguity in the definition of the counterterm action because then all 
components of hij and Rij essentially have the same component at leading order in their 
radial expansion. One may therefore replace for example h uu with R uu in a counterterm 
(and adjust the overall coefficient) without affecting the fact that it appropriately cancels a 
certain divergence. When we include the 'T' modes however this ambiguity is lifted, since a 
counterterm which seemed suitable once the 'T' modes are set to zero may actually induce 
extra divergences once they are nonzero. For this reason one cannot consistently perform 
the holographic renormalization without switching on the 'T' modes as well and a more 
careful analysis of the counterterms will therefore be given elsewhere. 

Nevertheless the structure of the divergences still allows us to obtain certain nontrivial 
results without performing the complete holographic renormalization. From a short analysis 
of the divergences and the possible counterterms one obtains that the renormalized on-shell 
action necessarily takes the same functional form as the term of order one in (17.40p . albeit 
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with a different normalization which can be an arbitrary function of s. We therefore write: 

£[2],ren = "%],bare + *%],ct = ^itGn J ^ k-j^-h( /L _ 2s ) vv { — k)h( 2 +2s)vv(k) (7-41) 

with an arbitrary function c(s). The fact that c(s) is undetermined as long as the holo- 
graphic renormalization is not appropriately performed is similar to the well-known fact 
that for AlAdS spacetimes the correct normalization of the two-point function is obtained 
only once one properly holographically renormalizes the action. We repeat that we have set 
the 'T' modes to zero by hand which is why they do not appear in (17.4ip . 

Just as for the empty AdS background we will take the leading component of R uu to be 
the source of a dual operator X vv . So if we rewrite (17,34p as: 

- -s-i ( -. f ~t i \ , — „2s-l 



with 



{0)uu 1 + . . . + R {4s -2)uuP 1 + • • • ( 7 - 42 ) 



K (o)uu = -u s2 ( s ~ 1) (s 2 + 5s - 14) h {4 _ 2s)vv 

K v 

«(4s-2)mw = ~Ta( s ~ l f s ( s2 - 7s - 8) h( 2s+2 )vv 



(7.43) 



then we should take R^)uu to be the source for X vv . 

Using the above equation as well as (|7.29|) we can rewrite the renormalized action (|7.4ip 
in terms of R^o) uu : 



S[2],vcn = J d 2 kc(s) K {0)uu (-k)k^(k v k u ) 2s 1 K( 0)uu (k) (7.44) 

with undetermined normalization c(s). The two-point function of X vv then takes the form: 

(X vv (k)X vv (-k)) = -i-?-c{s)kt(k v k u ) 2s - 1 . (7.45) 

4Gat 

This is the behavior expected for the two-point function of an operator of weight A s = 2s 
under the Schrodinger dilatation symmetry T>. As 6 2 -> 0, the correlation function also 
reduces to that of a (3, 1) operator in a CFT, as expected. 



8 Linearized analysis for the massive vector model 

In this section we present the general linearized solution to the vector model equations of 
motion in three dimensions. We should note that in five dimensions gravity coupled to 
a massive vector is not by itself a consistent truncation of ten-dimensional supergravity; 
additional scalar fields need to be included [5] . The linearized equations of this consistent 
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truncation do not coincide with those of the gravity plus vector model, but the generic 
features of the linearized solutions of this system are expected to be similar to those in the 
model analyzed here. 

We choose a radial gauge such that: 

d§2 = % + ( 7lJ + 7 1 ) dxidxj ' A » = Ah " + A » (8 - 1} 

where 7^ is the background metric ()7.ip . A bg = ^du is the background gauge field, and hij 
and A p parameterize small metric and gauge field perturbations. The linearized Einstein 
equations can then be written as: 

R l3 [h] + tr( 7 - 1 / t ')7^ " P (2 Ki ~ 4 b 2 p- 2 S^h' j)v + b'p-hi^h'Wdy ) 

= 3b 2 p- 2 h vvlij + b 4 p- 3 h vv 5?5y +Abp- l A {l 5l + 46 (s%F j)p - T vpli >) ; 

di {tr^ti)) - ^ k d k h! {j - l - b 2 p- 2 dih um + b 2 p- 2 5? d k (h k v - \t?(h)5 k }j (8.2) 

= bp- l T m -ibp^ApSf; 
h 2 d p (p- 2 h vv )=±tr( 7 - l h"). 

Note also that Rij[h] — ^ijR[h] = 0, and Tij = diAj — djAi. The linearized vector field 
equations are 

di^^-bp^difhi-^M^Slj = - p A p ; (8.3) 

9 4 (t !J 7 U ^i) + H (pf%) + 46 p- ! 9 p ^ - ^(/ij^j = ~ p l kl A, 

whilst the linearized divergence equation is: 

di {i ik A k ) +4pA' p -bp- 1 d i (hi - ±ix(h)8l) = 0. (8.4) 

In these equations tr(/i) = tr(7 _1 /i) = b 2 h vv p~ l + 2h uv . 

It is useful in solving these equations to carry out a Fourier transform with respect to 
the boundary coordinates x l , by defining 

/d 2 k f d 2 k 

__ e ik u u + ik v%j{ ^ ph A ^x,p) = J —e^ u+ ^ v A p (k,p). (8.5) 

In order to keep notation uncluttered, we will drop the tilde in what follows. In solving 
the linearized equations of motion around the null warped background we find that the 
solutions again split into two independent sets, the 'X' modes and 'T' modes, as follows: 

h i3 (k,p) = hf J (k,p) + hf j (k,p) , A p (k,p)=Al(k,p)+A^(k,p). (8.6) 



7 We have used Mathematica to do this computation. 
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As in the previous section, the £ T' modes are associated with the dual stress energy tensor 
whilst the 'X' modes are associated with the deforming vector operator. 



The 'T' modes 

This part of the solution can be written as: 

jr. ~ 1 



h uu (p,k) — - h(_ 2 ) uu - h(Q} uu In p + h(Q) uu + p fy 2 )i 



huv (P> — - fy_2) w - fyo)w m P + fyo)w + p h(2)uv 

hvv(P>k) = h( ) vv + ph(2) m ( 8 - 7 ) 

A^Pik) = -^.(0)^+^(2)^ 

The various fields carrying (re) subscripts are purely functions of fc\ The equations of 
motion relate the various functions as follows: 

1 1 F 

«4(0)u = h(-2)uu > -^-(0)v = — £ \-2)uv > Ao)P = ( 8 - 8 ) 

^(2)i = — Y » ^(2) P = , ^ = ^(q> - k v A {0)u (8.9) 

Thus, the 'T' modes of the gauge fields are completely determined in terms of h(—2)ij or 
vice versa. Now let us turn to the metric solution. The equations of motion givqf 

b 2 ~ 

h(-2)uv = — y h(o) vv , 2k u k v h( Q ) uv = k v h( ) uu , b h( 2 )w = 2/t(o) TO - (8.10) 

The quantity i?( ) has been defined in f|T.23|) . Notice that the last relation implies a nonlocal 
relationship between the coefficients hr 2 )ij an d fyo)i?- Finally, the remaining equations of 
motion give 

kvh(2)uu = kuh(2)uv ) k v fl(2)uv = ^uh{2) vv ( 8 -H) 

Combining the last equations we find that Rr \ determines h(2)%j and hrfyy as 

fc ~ 1 - k ~ 

h(2)uu = 4^T^(o) > h(2)uv = 4-^(0) > ^(2)ot = 4^~-^(o) (8.12) 

6 2 ~ ~ b 2 k v ~ 

h(o)uu = 4~-fr(o) i ^(0)«« = "g^ - -^(o) (8.13) 

and a particular linear combination of the hr 2 )ij as 

k u k v h { _ 2)uu - 1k 2 u \_ 2)uv = b 2 R {0) . (8.14) 



Here the equations of motion have been solved order by order in p. 
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Using the first relation in (|8.12p . we obtain 

Kh(-2)uu = b 2 (k v h( ) uu - 2k u h(o) uv ). (8.15) 

The 'T' modes should correspond to the energy momentum tensor but are subject to the 
same subtleties as the T mode solutions of TMG. 

The 'X' modes 

The second set of independent solutions are the 'X' modes; one can view these as physical 
modes, since unlike the 'T' modes they propagate in the bulk. We define the following 
function 

g(p) = pAf, (8.16) 
and substitute this into the equations of motion. We find 

A u = ^(k v k u g + 2g'-2pg») + ^(4g + 3k v k u pg-4p 2 g») + l l^ 

K v K v p p 

A v = -^(k v k u g + 2g' - 2pg") - ik v g , Af = 9 ~. (8.17) 

Only one metric component is nonzero for this part of the solution, namely 

h uu = Tns( 2k vku9 + V + k v k u pg' - Apg" - 2p 2 g"') + (8.18) 
The equations of motion further require that g(p) satisfy the fourth order equation: 
A (4) +W 3) -(^ 2 ^V + ^ u p 3 ) g" 

-k v k u p 2 g> + (h 2 k 2 v + + b -^t + ) 9 = (8-19) 

A feature of this equation is that it depends on p only though the combination: 

x = pk v k u . (8.20) 

Note in particular that this variable x is invariant under the dilatation symmetry. In terms 
of the new variable, the equation (|8.19j) becomes: 

xV 4) (x) + 4x 3 g (3) (x) - {2ax 2 + x 3 )g"(x) - x 2 g'{x) + (2a + a 2 + ax + ^)g(x) = (8.21) 
where 

a = (8.22) 
4 

and all primes now denote derivatives with respect to x. Unfortunately, the exact set of 
solutions of this equation has not been found. The equation becomes exactly solvable in 
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terms of hyper geometric functions in the two limiting cases, (i) x <C a and (ii) x 3> a. In 
particular, the approximation in case (ii) leads to the same equation as in the undeformed 
theory, 6 = 0, and we will discuss the exact solution for this case below. 

However, one can obtain the general asymptotic solution of (|8,2ip . There are four 
independent set of such solutions which to leading order in the radial variable x are: 

g {x) = x (2 _ Al) (a)x WV^ 2 ^ + x (Al) (a)x^ + ^ 1+b2k ' (8.23) 

where 

Ai = 1 + y/l + b 2 k% , A 2 = 1 + ^9 + b 2 k 2 . (8.24) 

Furthermore, the subleading terms in each independent solution are necessarily expanded 
as a power series in x, e.g. the first of the solutions behaves as: 

x5-iv^*3( X(2 _ Ai) (a) + x (4 _ Al) (a)x + x (6 _ Al) (a)x 2 + •••)• (8.25) 

For generic values of the product b 2 k 2 the dimensions (Ai,A2) are irrational, and the 
asymptotic expansion of each independent solution involves only radial powers. The nota- 
tion used for xr n -\ indicates that in this case the coefficients scale as xi n \ — > X~ n x^ under 
the dilatation symmetry which acts as p — > A 2 /?, u — > X 2 u. When the dimensions take 
rational values, however, logarithmic terms arise in the asymptotic expansion and in this 
case the coefficients do not all scale homogeneously under the dilatation symmetry. 

From the form of the asymptotic solution, one would expect that the coefficients X( 2 -A;) 
are related to the sources for dual operators with dimensions Aj, while x/ A a are associated 
with the corresponding vevs; we will explain this further below. Requiring smoothnes^ 
of the solution for g(p) in the interior of the spacetime should determine xr A .\ in terms of 
X(2-Ai) completely. Since these coefficients depends only on a the regularity conditions can 
depend only on the quantity a, and thus will result in: 

X(Ai) = fi(ai)X(2-Ai) ( 8 - 26 ) 
where fi(a) are functions of a. This implies that the regular solution is of the form 

2 

9(p) = E H2-^)P l ^ Al (! + ••• + p^Ma)^- 1 ^- 1 + ■■■) (8.27) 

i=l 

9 Strictly speaking, the regular requirement should be imposed on the vector field itself, rather than on 
the function g(p). However, the only feature we use in what follows is that regularity imposes two conditions 
on the four independent solutions. 
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where the dots indicate subleading terms. In order to determine the explicit form of fi(a) 
we would need to solve the full equation for g(x), but fortunately the fc^-dependence is 
completely determined without knowing the full solution. Note that for rational values of 
the Aj this argument needs to be refined: logarithmic terms can arise in the asymptotic 
expansion and the coefficients XfAA do not then scale homogeneously under dilatations. 
This happens for example at b = where the equation for g{x) can be solved exactly: the 
two regular solutions are 

g{x) = 9l xK 2 (V2^) + g^-^K^V^), (8.28) 

where K n {z) is the modified Bessel function of the second kind. Using the asymptotic 
expansion of these functions as x — > 0, we indeed find logarithmic terms; these relate to the 
terms logarithmic in momentum in the renormalized correlation functions, as expected for 
operators of integral dimension in a CFT. 

It is also interesting to see how the b 2 — > limit is reached. Let us rewrite the leading 
terms in the expansion of g(p) as: 

9(p) = ik v g {2 -A 1 )P^' /I ^ + iy i kv9(^ a )P^^^ (8-29) 
+ib 2 k v g^)P^^^ + ik v g {A2)P ^V^I + . . . 

where the ellipses denote the subleading terms and the (x(i-A)> ^(A)) have been rescaled 
relative to (|8.23|) . The notation for gt n \ again indicates that the coefficient scales as gr n ) — > 
X~ n g( n ) under the dilatation symmetry which acts as p — )■ X 2 p, u — > X 2 u. Substituting these 
terms back into the vector field components we find: 

Av = ^^»(l-VH^)-4 S(2 . A2)/) i4«(l + ^ 
+ 2 9(Al) p^v / OTI(i + 7TTfe^2) _ 9 J^l p ^HV^I {6 - ly^TWk 2 ) + • • • ; 

An = ^A^p-^^v/^^-^.^^-l-lv^W (8 . 30) 

- eb\ Al)P -hHV^ + Ag {A2)P -^V^I + . . . . 

Taking the limit of b 2 — > and retaining only the leading terms results in: 

Av = -Wg^P' 1 ~ 4fc^( ) + ig(2)P + 3k 2 g^p 2 H ; (8.31) 

Al = 4:9(0) P' 1 + 4 5'(4)PH 

where we have used Ai — > 2 and A2 — > 4. 

Let us next review the holographic correspondence at b = 0, namely for linearized 
perturbations around the AdS background. The mass of the vector field is such that it 
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corresponds to a vector operator of dimension three in the dual conformal field theory. 
Solving the linearized equations of motion for the vector around AdS results in an asymptotic 
expansion of the vector fluctuations of the form: 

Ai = ^1^(1 + •••) + di(u, v)p(l + •••), (8.32) 
P 

where i = (u, v ) and the ellipses denote subleading terms in p. Then a« is a source for the 
dual vector operator X{ whilst its expectation value is related to the normalizable mode at. 
Comparing with (18.31D we note that: 

a v = -16c/(2_a 2 ); a u = 4# (2 _ Al) ; a v = 4c/ (Al) ; a« = 4c/ (A2) , (8.33) 

and thus the data (#(2-Ai)> S(Ai)) is associated with the operator X v whilst the data 
(5(2-A 2 )) 9(A 2 )) is associated with the operator X u . 

8.1 Interpretation 

From the general linearized solution of the massive vector equations one can compute the 
two point functions of the dual stress energy tensor and of the deforming vector operator. 
This calculation however requires systematic holographic renormalization, which is rather 
complex and will be discussed elsewhere. Focusing on the 'X' modes one can however make 
a number of interesting preliminary observations. Let us first recall what happens at b = 
in the AdS background; recall that the scaling dimensions with respect to the Schrodinger 
symmetry are such that A S (X V ) = 2 and A S (X U ) = 4, according to (14. 62ft . From the 
asymptotics of the bulk vector field one sees that a u acts as a source for the (2, 1) operator 
X v whilst a v acts as a source for the (1,2) operator X u . 

Working now to leading order in b, the field theory is deformed by a source for the 
operator X v . The general arguments made in section H] indicate that both operators, X u and 
X v , would be expected to acquire lightcone momentum dependent anomalous dimensions, 
when k v ^ 0. Looking at (|8.30p . if one continues to interpret g(2-A 2 ) as a source for the 
deformed operator X^ away from 6 = 0, and similarly interprets Ai) as a source for the 
deformed operator X%, then 

A s (X b v ) = Ax = 1 + 71+6^2; A s (X b u ) = A 2 = 1 + ^ + b 2 kl (8.34) 

These expressions are in agreement with (|4.62p at b = 0, and indicate that the anomalous 
dimensions at finite b 2 take this closed form. Given that the coefficients S'(Ai) an d 9(A 2 ) 
have dilatation weights (Ai, A 2 ) respectively, the vevs of the operators are expected to be 



66 



of the form: 

(X u ) ~ 3( Aa) ; (X v ) ~ c/ (Al ), (8.35) 

since for generic non-rational values of Aj no other terms in the asymptotic expansion of 
g(p) have this dilatation weight. Using (|8.27|) . we can immediately infer that 

(X u (k)X u (-k)) ~ k^ 2 ' 1 ; (X v (k)X v (-k)) ~ A;^ 1-1 , (8.36) 

which is indeed of the form expected for operators of these scaling weights in a Schrodinger 
invariant theory. The k v dependent normalization can however only be determined using 
exact regular solutions of the linearized field equations together with holographic renormal- 
ization. 

9 Conclusions 

In this paper we have considered holography for d+ 1 dimensional Schrodinger backgrounds 
and argued that they are dual to d dimensional theories on Minkowski spacetime obtained 
by deforming conformal field theories by irrelevant operators, which are however exactly 
marginal from the perspective of the non-relativistic conformal group. In other words, they 
describe a continuous deformation from a relativistic fixed point to a non-relativistic fixed 
point. On the field theory side, we used conformal perturbation theory to study this system 
(so the undeformed CFT can be either weakly or strongly coupled) and showed that the 
deforming operator is indeed exactly marginal. We also studied how the dimensions of 
operators change, to leading order in the deformation parameter b 2 , when we deform the 
theory. These results are in agreement with the results obtained using the gravity dual, 
when linearized in b 2 . The gravitational result, however, is valid for any b 2 and resums 
the corrections into a closed, squared root form. An important result is that the boundary 
counterterms obtained by holographic renormalization are are non-local in the lightcone v 
direction, implying that the boundary theory is not a local QFT. 

Working at the linearized level in the metric sector, we saw that the general solution of 
the equations of motion blows up faster at the boundary than the background Schrodinger 
solution. This was not unexpected, since the linearized solutions correspond to operators 
that are irrelevant with respect to the non-relativistic scaling symmetry, and therefore a 
finite source for this operator would be expected to change the asymptotic structure of the 
spacetime. Similarly components of the stress energy tensor are also irrelevant with respect 
the Schrodinger dilatation symmetry. This feature is responsible for many subtleties in 
setting up holographic renormalization for Schrodinger, and needs to be understood better 
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before generalizing the analysis to the non-linear level. The conserved stress energy tensor 
of the dual theory couples to the vielbein, rather than the metric, and hence the correct 
holographic setup is to fix boundary conditions for the vielbein, rather than the metric. 
The holographic dictionary for the gravitational sector is thus rather technically involved, 
even at the linearized level, and it will be discussed elsewhere. 

Throughout this paper we have noted a number of interesting open questions. The 
Schrodinger invariant theory should admit a realization as a null dipole theory; for each 
"ordinary" CFT one would obtain the null dipole theory by replacing ordinary products with 
null dipole products. Such a realization should allow one to compute the scaling dimensions 
A s in the deformed theory in terms of the conformal dimensions A in the ordinary CFT. 
Moreover the analog of the Seiberg-Witten map [32J between the null dipole and ordinary 
theories should allow one to understand the detailed structure of the counterterms. In 
particular, we noticed that in the holographic realization the boundary counterterms for 
a scalar field in Schrodinger were simply related to those of a scalar field in AdS, and 
this may well be a consequence of an underlying null dipole structure. It would also be 
interesting to understand the counterterms better from the field theory perspective; working 
perturbatively in b 2 we expect a series of counterterms involving increasing numbers of 
lightcone derivatives to be induced. This series of terms would then be expected to resum 
into the structure obtained in the null dipole theory. 
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